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—— Abstract

Property testing is concerned with the design of algorithms making a sub-linear number of queries to
distinguish whether the input satisfies a given property or is far from having this property. A seminal
paper of Alon, Krivelevich, Newman, and Szegedy in 2001 introduced property testing of formal
languages: the goal is to determine whether an input word belongs to a given language, or is far from
any word in that language. They constructed the first property testing algorithm for the class of all
regular languages. This opened a line of work with improved complexity results and applications to
streaming algorithms. In this work, we show a trichotomy result: the class of regular languages can
be divided into three classes, each associated with an optimal query complexity. Our analysis yields
effective characterizations for all three classes using so-called minimal blocking sequences, reasoning
directly and combinatorially on automata.

2012 ACM Subject Classification Theory of computation — Regular languages

Keywords and phrases property testing, regular languages

1 Introduction

Property testing was introduced by Goldreich, Goldwasser and Ron [19] in 1998: it is the
study of randomized approximate decision procedures that must distinguishing objects that
have a given property from those that are far from having it. Because of this relaxation
on the specification, the field focuses on very efficient decision procedures, typically with
sublinear (or even constant) running time — in particular, the algorithm does not even have
the time to read the whole input.

In a seminal paper, Alon et al. [5] introduced property testing of formal languages: given
a language L of finite words, the goal is to determine whether an input word u belongs to the
language or is e-far! from it, where ¢ is the precision parameter. The model assumes random
access to the input word: a query specifies a position in the word and asks for the letter at
that position, and the query complexity of the algorithm is the worst-case number of queries
it makes to the input. Alon et al. [5] showed a surprising result: under the Hamming distance,
all regular languages are testable with O(log®(¢~!)/e) queries, where the O(-) notation hides
constants that depend on the language, but, crucially, not on the length of the input word.
In that paper, they also identified the class of trivial regular languages, those for which the
answer is always yes or always no for sufficiently large n, e.g. finite languages or the set
of words starting with an a, and showed that testing membership in a non-trivial regular
language requires Q(1/¢) queries.

L Informally, u is e-far from L means that even by changing an e-fraction of the letters of u, we cannot
obtain a word in L. See Section 2 for a formal definition.
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The Trichotomy of Regular Property Testing

The results of Alon et al. [5] leave a multiplicative gap of O(log®(1/¢)) between the best
upper and lower bounds. We set out to improve our understanding of property testing of
regular languages by closing this gap. Bathie and Starikovskaya obtained in 2021 [9] the first
improvement over the result of Alon et al. [5] in more than 20 years:

» Fact 1.1 (From [9, Theorem 5]). Under the edit distance, every regular language can be
tested with O(log(e™1)/e) queries.

Testers under the edit distance are weaker than testers under the Hamming distance, hence
this result does not exactly improve the result of Alon et al. [5]. We overcome this shortcoming
later in this article: Theorem 4.12 extends the above result to the case of the Hamming
distance.

Bathie and Starikovskaya also showed that this upper bound is tight, in the sense that
there is a regular language Lo for which this complexity cannot be further improved, thereby
closing the query complexity gap.

» Fact 1.2 (From [9, Theorem 15]). There is a regular language Ly with query complexity
Q(log(e71)/e) under the edit distance®, for all small enough ¢ > 0.

Furthermore, is is easy to find specific non-trivial regular languages for which there is an
algorithm using only O(1/¢) queries. Some examples of languages that can require O(1/e)
queries are a* over the alphabet {a,b}, (ab)* or (aa + bb)*.

Hence, these results combined with those of Alon et al. [5] show that there exist trivial
languages (that require 0 queries for large enough n), easy languages (with query complexity
O(1/¢)) and hard languages (with query complexity ©(log(¢~!)/¢)). This raises the question
of whether there exist languages with a different query complexity (e.g. O(loglog(e~1)/e)),
or if every regular is either trivial, easy or hard. This further asks the question of giving a
characterization of the languages that belong to each class, inspired by the recent success of
exact characterizations of the complexity of sliding window [16] recognition and dynamic
membership [7] of regular languages.

In this article, we answer both questions: we show a trichotomy of the complexity of
testing regular languages under the Hamming distance®, showing that there are only the
three aforementioned complexity classes (trivial, easy and hard), we give a characterization
of all three classes using a combinatorial object called blocking sequences, and show that this
characterization can be decided in polynomial space (and that it is complete for PSPACE).
This trichotomy theorem closes a line of work on improving query complexity for property
testers and identifying easier subclasses of regular languages.

1.1 Related work

A very active branch of property testing focuses on graph properties, for instance one can
test whether a given graph appears as a subgraph [3] or as an induced subgraph [4], and
more generally every monotone graph property can be tested with one-sided error [6]. Other
families of objects heavily studied under this algorithmic paradigm include probabilistic
distributions [25, 11] combined with privacy constraints [2], numerical functions [10, 28], and
programs [13, 12]. We refer to the book of Goldreich [18] for an overview of the field of
property testing.

2 Note that, as opposed to testers, lower bounds for the edit distance are stronger than lower bounds of
the Hamming distance.
3 We consider one-sided error testers, also called testing with perfect completeness, see definitions below.
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Testing formal languages. Building upon the seminal work of Alon et al. [5], Magniez
et al. [23] gave a tester using O(log?(e~1)/e) queries for regular languages under the edit
distance with moves, and Frangois et al. [15] gave a tester using O(1/e2) queries for the case
of the weighted edit distance. Alon et al. [5] also show that context-free languages cannot be
tested with a constant number of queries, and subsequent work has considered testing specific
context-free languages such as the DYCK languages [26, 14] or regular tree languages [23].
Property testing of formal languages has been investigated in other settings: Ganardi et
al. [17] studied the question of testing regular languages in the so-called “sliding window
model”, while others considered property testing for subclasses of context-free languages in
the streaming model: Visibly Pushdown languages [15], DYCK languages [21, 22, 24] or DLIN
and LL(k) [8]. A recent application of property testing of regular languages was to detect
race conditions in execution traces of distributed systems [29)].

1.2 Main result and overview of the paper
» Definition 1.3 (Hard, easy and trivial languages). Let L be a regular language. We say that:

L is hard if the optimal query complexity for a property tester for L is ©(log(e~1)/¢).
L is easy if the optimal query complexity for a property tester for L is ©(1/e).

L is trivial if there exists eg > 0 such that for all positive € < gy, there is a property
tester and some n € N such that the tester makes 0 queries on words of length > n.

Our characterisation of those three classes uses the notion of blocking sequence of a
language L. Intuitively, they are sequences of words such that finding those words as factors
of a word w proves that w is not in L. We also define an order on them, which gives us a
notion of minimal blocking sequence.

» Theorem 1.4. Let L be an infinite reqular language recognized by an NFA A and let
MBS(A) denote the set of minimal blocking sequences of A. The complexity of testing L is
characterized by MBS(A) as follows:

1. L is trivial if and only if MBS(A) is empty;
2. L is easy if and only if MBS(A) is finite and nonempty;
3. L is hard if and only if MBS(A) is infinite.

In the case where L is recognised by a strongly connected automaton, blocking sequences
can be replaced by blocking factors. A blocking factor is a single word that is not a factor of
any word in L.

Section 2 defines the necessary terms and notations. The rest of the paper is structured
as follows. In Sections 3 and 4, we delimit the set of hard languages, that is, the ones that
require O(log(e~1)/e) queries. More precisely, Section 3 focuses on the subcase of languages
defined by strongly connected automata.

First, we show that the language of every strongly connected automaton is testable with
O(log(e71)/e) queries.

Then, we show that if the language of a strongly connected automaton has infinitely
many blocking factors then it requires Q(log(¢~1)/e) queries.

Then, Section 4 extends those results to all automata. The interplay with the previous
section is different for the upper and the lower bound

We show the upper bound of O(log(s71)/e) queries to all automata by a natural extension
of the proof in the strongly connected case.
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The Trichotomy of Regular Property Testing

We obtain a lower bound of Q(log(e71)/e) queries for languages with infinitely many
minimal blocking sequences by a reduction to the strongly connected case. We show that
we can use a tester for the general automaton to test one of its hard strongly connected
components.

Section 5 completes the trichotomy, by characterising the easy and trivial languages.

We show that languages of automata with finitely many blocking sequences can be tested
with O(1/¢e) queries.

Finally, we prove that if an automaton has at least one blocking sequence, then it requires
Q(1/e) queries to be tested. By contrast, automata with no blocking sequence recognise
trivial languages

Once we have the trichotomy, it is natural to ask whether it is effective: given an
automaton A, can we determine if its language is trivial, easy or hard? The answer is yes,
and we show that all three decision problems are PSPACE-complete in Section 6.

2 Preliminaries

Words and automata. We write ©* (resp. X 1) for the set of finite words (resp. non-empty
words) over the alphabet ¥. The length of a word u is denoted |u|, and its ith letter is
denoted u[i]. The empty word is denoted v. Given u € ¥* and 0 < 4,5 < |u| — 1, define
uli..j] as the word u[i]ul[i +1]...u[j] if ¢ < j and v otherwise. Further, u[i..j) denotes the
word ufi..j —1]. A word w is a factor (resp. prefiz, suffiz) of u is there exist indices ¢, j such
that w = wufi..j] (resp. with i = 0,7 = |u] — 1). We use w < u to denote “w is a factor of w”.
Furthermore, if w is a factor of u and w # u, we say that w is a proper factor of u.

A nondeterministic finite automaton (NFA) A is a transition system defined by a tuple
(Q,%,6,q0, F), with Q a finite set of states, ¥ a finite alphabet, § : Q x ¥ — 2% the transition
function, go € @ the initial state and F' C @ the set of final states. The semantics is as
usual [27]. When there is a path from a state p to a state ¢ in A, we say that ¢ is reachable
from p and that p is co-reachable from ¢. In this article, we assume w.l.o.g. that all NFA A
are trim, i.e., every state is reachable from the initial state and co-reachable from some final
state.

Property testing. Let us start with the notion of a property tester for a language L: the
goal is to determine whether an input word u belongs to the language L, or whether it is
e-far from a distance d.

» Definition 2.1. Let L be a language, let u be a word of length n, let € > 0 be a precision
parameter and let d : ¥* x ¥* — NU {400} be a metric. We say that the word u is e-far
from L w.r.t. d if d(u, L) > en, where

d(u,L) := z}relf: d(u,v).

We assume random access to the input word: a query specifies a position in the word and
asks for the letter in this position.

Throughout this work and unless explicitly stated otherwise, we will consider the case
where d is the Hamming distance, defined for two words v and v as the number of positions
at which they differ if they have the same length, and as +oo otherwise. Here, d(u, L) > en
means that one cannot change an e-fraction of the letters in u to obtain a word in L.
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Figure 1 An automaton A recognizing the language L = (ab)” + (ba)*. A witness that a word
is not in this language is a factor aa or bb. We query factors of size 2, and reject if we find one of
those factors. We can show that a word e-far from L must have many such factors, and infer that
we can get a constant probability of rejecting it by sampling only O(1/¢) factors.

A e-property tester (or simply a tester) T for a language L is a randomized algorithm
that, given an input word u, always answers “yes” if u € L and answers “no” with probability
bounded away from 0 when v is e-far from L.

» Definition 2.2. A property tester for the language L with precision € > 0 is a randomized
algorithm T that, for any input u of length n, given random access to u, satisfies the following
properties:

ifue L, then T'(u) =1, (1)
if u is e-far from L, then P (T(u) = 0) > 2/3. (2)

The query complexity of T is a function of n and € that counts the maximum number of
queries that T makes over all inputs of length n and over all possible random choices.

We measure the complexity of a tester by its query complexity. Let us emphasize that
throughout this article we focus on so-called “testers with perfect completeness”, or “one-sided
error”: if a word is in the language, the tester answers positively (with probability 1). In
particular our characterization applies to this class. Because they are based on the notion of
blocking factors that we will discuss below, all known testers for regular languages [5, 23, 15, 9]
have perfect completeness.

» Remark 2.3. If L is finite, then it is trivial: since there is a bound B on the lengths of its
words, it suffices to read entirely words of length < B and answer No for words of greater
length. For that reason, in the rest of the paper we only consider infinite languages.

Graphs and periodicity. We now recall tools introduced by Alon et al. [5] to deal with
periodicity in finite automata.

Let G = (V, E) with E C V2 be a directed graph. A strongly connected component (or
SCC) of G is a maximal set of vertices that are all reachable from each other. It is trivial if
it contains a single state with no self-loop on it. We say that G is strongly connected if its
entire set of vertices is an SCC.

The period A = A\(G) of a non-trivial strongly connected graph G is the greatest common
divisor of the length of the cycles in G. Following the work of Alon et al. [5], we will use the
following property of directed graphs.

» Fact 2.4 (From [5, Lemma 2.3]). Let G = (V, E) be a non-empty, non-trivial, strongly
connected graph with finite period A = A\(G). Then there exists a partition V = QoU...LUQx_1
and a reachability constant p = p(G) that does not exceed 3|V'|? such that:
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1. For every 0 <1i4,j < XA —1 and for every s € Q;,t € Q;, the length of any directed path
from s to t in G is equal to (j —i) mod A.

2. For every 0 < 4,5 < A —1, for every s € Q;,t € Q; and for every integer r > p, if
r=(j—1i) (mod \), then there exists a directed path from u to v in G of length r.

The sets (Q; : i = 0,...,A — 1) are the periodicity classes of G. In what follows, we will
slightly abuse notation and use @; even when 7 > A to mean Q; (mod ) -

An automaton A = (@Q,X%,0,qo, F) defines an underlying graph G = (Q, E) where
E={(p,q) €Q?|JaeX:qed(p,a)}. Inwhat follows, we naturally extend the notions
defined above to finite automata through this graph G. Note that the numbering of the
periodicity classes is defined up to a shift mod A\: we can thus always assume that Q) is the
class that contains the initial state gg. The period of A is written A(A).

Positional words and positional languages. Take a look at the language L = (ab)*. The
word v = ab can appear as a factor of a word v € L is v occurs at an even position in u.
However, if v occurs at an odd position in u, then u cannot be in L. Therefore, v can be
used to witness that u is not in L3, but only if we find it at an odd position. This example
motivates the introduction of p-positional words, which additionally encode information
about the index of each letter modulo an integer p.

More generally, we will associate to each regular language a period p, and working with
p-positional words will allow us to define blocking factors in a position-dependent way without
explicitly considering the index at which the factor occurs.

» Definition 2.5 (Positional words). Let p be a positive integer. A p-positional word is a
word over the alphabet Z/pZ x 2 of the form (n (mod p),ap)((n+1) (mod p),ai)---((n+¥£)
(mod p),ap). If u =ag---ap, we call this word (n : u) (when p is clear from context).

Any strongly connected finite automaton A = (Q, %, d, g9, F') can naturally be extended
into an automaton A over A(A)-positional words with A(A)|Q)] states, recognising {(0 : u) |
u € L(A)}. Tt suffices to keep track in the states of the current state of A and the number of
letters read modulo A\(A). We call the language recognized by A the positional language of
A, and denote it TL(A). This definition is motivated by the following property:

» Property 2.6. For any word u € ¥*, we have u € L(A) if and only if (0:u) € TL(A).

Positional words make it easier to manipulate factors with positional information, hence
we phrase our property testing results in terms of positional languages. Note that a tester for
TL(A) immediately gives a property tester for £(.A), as one can simulate queries to (0 : u)
with queries to u by simply pairing the index of the query modulo A(A) with its result.

3 Hard Languages for Strongly Connected NFAs

Before considering the case of arbitrary NFAs, we first study the case of strongly connected
NFAs. We define the set of minimal blocking factors of A, which are factor-minimal A(A)-
positional words that witness the fact that a word does not belong to 7L(.A). We show that all
strongly connected NFA have a query complexity in O(log(¢~!)/e), and that the ones which
have infinitely many minimal blocking factors have a query complexity of ©(log(s~1)/e).

In this section, we consider a fixed NFA A and simply use “positional words” to refer to
A-positional words, where A = A(A) is the period of A.
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» Definition 3.1 (Blocking factors). Let A be a strongly connected NFA. A positional word T

is a blocking factor of A if for any other positional word p we have 7 < = p ¢ TL(A).
Further, we say that T is a minimal blocking factor of A if no proper factor of T is a

blocking factor of A. We use MBF(A) to denote the set of all minimal blocking factors of A.

Intuitively and in terms of automata, (i : u) is blocking for A if u does not label any path in
A from a state of @;. (This property is formally established later in Lemma A.1.) The main
result of this section is the following:

» Theorem 3.2. Let L be an infinite language recognised by a strongly connected NFA A. If
MBF(A) is infinite, then L is hard, i.e., it has query complezity ©(log(e~1)/e)

This result gives both an upper bound of O(log(¢7!)/¢) and a lower bound of Q(log(e~1)/e)
on the query complexity of a tester for L: we prove the upper bound in Section 3.1 and the
lower bound in Section 3.2.

3.1 An efficient property tester for strongly connected NFAs.
In this section, we show the following result.

» Theorem 3.3. Let A be a strongly connected NFA. For any € > 0, there exists an e-property
tester for L(A) that uses O(log(e~1)/e) queries.

As mentioned in the overview, this result supersedes the one that was obtained in [9]:
while both testers use the same number of queries, the tester in [9] works under the edit
distance, while the one of Theorem 3.3 is designed for the Hamming distance. As the edit
distance never exceeds the Hamming distance, the set of words that are e-far with respect to
the former is contained in the set of words e-far for the latter. Therefore, an e-tester for the
Hamming distance is also an e-tester for the edit distance, and our result supersedes and
generalizes theirs. Our proof is similar to that of [9], with one notable improvement: we use
a new method for sampling factors in u, which greatly simplifies the correctness analysis.

The algorithm for Theorem 3.3 is Algorithm 1. The procedure is fairly simple: the
algorithm samples at random factors of various lengths in u, and rejects if and only if at
least one of these factors is blocking. On the other hand, the correctness of the tester is
far from trivial. The lengths and the number of factors of each lengths are chosen so that
the number of queries is O(log(¢~!)/e) and the probability of finding a blocking factor is
maximized, regardless of their repartition in u.

We now turn to formally establishing these properties.

> Claim 3.4. The tester given in Algorithm 1 makes O(log(s~1)/e) queries to u.

Next, we show that if u is e-far from £(.A), then (0 : u) contains Q(en) blocking factors,
each of length O(1/¢) (see Appendix A.2 for a proof).

» Lemma 3.5. Let € > 0, let u be a word of length n > 6m? /s and assume that L(A)
contains at least one word of length n. If u is e-far from L(A), then the positional word
(0 : u) contains at least en/(12m?) disjoint blocking factors of length at most 12m?/e.

For the correctness analysis, we assume that u is e-far from £(A), and show that
Algorithm 1 finds at least one of the blocking factors given by Lemma 3.5 with probability
at least 2/3.

» Lemma 3.6. In the last Else block, if u is e-far from L(A), then Algorithm 1 rejects with
probability at least 2/3.
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Algorithm 1 Generic e-property tester using O(log(e™')/e) queries

1: function SAMPLE(u, {)

2: i < UNIFORM(0,n — 1)

3: I+ max(i — ¢,0),7 « min(i + ¢,n — 1)
4: return (I : u[l..r])

5: function TESTER(u, ¢)

6: B« 12m? /e

7. if L(A)NE" =0 then

8: Reject

9: else if n < 5 then
10: Query all of v and run A on it
11: Accept if and only if A accepts
12: else
13: T «+ [log(B)]
14: fort=0to T do
15: Uy + 28 1y + [21n(3)B/¢4)
16: Call SAMPLE(u, ¢;) r¢ times
17: Reject if and only if any call to SAMPLE returned a blocking factor for A.

Proof sketch. Assume that u is e-far from £(A), that £(A) N X" is not empty (i.e. L(A)
contains a word of length n) and that n > . For t =0,...,T, let B; denote the subset of B
of blocking factors of length at most £; = 2¢.

For each ¢, if in a call to SAMPLE(u, £;) the random position 4 is inside a blocking factor
of By, then the returned factor is blocking. Therefore, as the factors given by Lemma 3.5
are disjoint, each one of the r, = 2In(3)5/¢; calls to SAMPLE(u, ¢;) has a probability
Pr > £ cp, IT| to return a blocking factor.

Careful calculations let us show that the probability that no blocking factor is found is at
most 1/3. They are detailed in Appendix A.2. <

3.2 Lower bound when there are infinitely many minimal blocking words

We now show that languages with infinitely many blocking factors are hard, i.e. any tester
for such a language requires Q(log(¢~1)/e) queries.

We start from the parity language P consisting of words that contain an even number
of b’s, over the alphabet {a, b}. Distinguishing u € P from u ¢ P requires 2(n) queries, as
changing the letter at a single position can change membership in P. However, P is trivial
to test, as any word is at distance at most 1 from P, for the same reason. Now, consider
language L consisting of words over {a,b, ¢, d} such that between a ¢ and the next d, there
is a word in P. Intuitively, this language encodes multiple instances of P, which are hard
to identify for property testers. In [9], the authors proved a lower bound of Q(log(s~1)/e)
on the query complexity of any property tester for L, matching the upper bound in the
same paper. The upper bound of [9] is for the edit distance, we show that the result can be
extended to the Hamming distance.

The minimal blocking factors of L include all words for the form cvd where v ¢ P: there
are infinitely many such words. This is no coincidence: we show in this article than the
lower bound from [9] can be lifted to any languages with infinitely many minimal blocking
sequences (or minimal blocking factors in the case of strongly connected automata).
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» Theorem 3.7. Let A be a strongly connected NFA. If MBF(A) is infinite, then there exists
g0 > 0 such that for all € < eg, every e-property tester for L = L(A) uses Q(log(s71)/e)
queries.

The proof of this result is a full generalization of the lower bound against the “repeated
parity” language that was published in [9, Theorem 15].

Our proof is based on (a consequence of) Yao’s Minmax Principle [30]: if there is a
distribution D over inputs such that any deterministic algorithm that makes at most ¢
queries errs on u ~ D with probability at least p, then any randomized with q queries errs
with probability at least p on some input wu.

To prove Theorem 3.7, we first exhibit such a distribution D for ¢ = O(log(c 1) /e) (see
Appendix A.3.2 for its construction). We take the following steps:

1. we show that with high probability, an input u sampled w.r.t. D is either in or e-far from
L (Lemma 3.8),

2. we show that with high probability, any deterministic tester that makes fewer than
c-log(e71) /e queries (for a suitable constant c¢) cannot distinguish whether the instance
u is positive or e-far, hence it errs with large probability.

3. we combine the above two results to prove Theorem 3.7 via Yao’s Minmax principle.

Constructing a Hard Distribution D

To sample an input w.r.t. D, we first sample a uniformly random bit 7: if 7 = 1, we construct
a word u that belongs to L, and if 7 = 0, v will be far from L with high probability. The
input word is then conceptually divided into en disjoint intervals. For the j-th interval,
we sample a random variable x; € {0,1,...,log(1/e)}: this random variable describes the
content of the interval. If 7 = 1, we fill the interval with non-blocking factors of length
O(2%), and if # = 0, we instead fill the interval with blocking factors of the same length,
chosen to be very similar to the non-blocking factors, making it hard to distinguish between
the two cases with few queries. By carefully choosing the distribution for x;, we can ensure
that when 7 = 0, the resulting instance w is e-far from L with high probability. (Proofs for
this section can be found in Appendix A.3.)

» Lemma 3.8. Conditioned on m = 0, the probability of the event F = {u is e-far from
TL(A)} goes to 1 as n goes to infinity.

» Corollary 3.9. For large enough n, we have P (F) > 5/12.

Intuitively, our distribution is hard to test because positive and negative instance are very
similar. Therefore, a tester with few queries will likely not be able to tell them apart: the
perfect completeness constraint forces the tester to accept in that case. Below, we establish
this result formally.

» Lemma 3.10. Let T be a deterministic tester with perfect completeness (i.e. one sided
error, always accepts T € TL(A)) and let g; denote the number of queries that it makes in
the j-th interval. Conditioned on the event M = {Vj s.t. k; > 0,q; < 2"}, the probability
that T accepts u is 1.

Next, we show that if a tester makes few queries, then the event M has large probability.

» Lemma 3.11. Let T be a deterministic tester, let g; denote the number of queries that
it makes in the j-th interval, and assume that T makes at most =5 -log(e™') /e queries, i.e.
2 < = -log(e ™) /e. The probability of the event M = {Vj s.t. r; > 0,q; < 2%/} is at
least 11/12.
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We are now ready to prove Theorem 3.7.

Proof of Theorem 3.7. We want to show that any tester with perfect completeness for
L(A) requires at least =5 - log(¢ ') /e queries, by showing that any tester with fewer queries
errs with probability at least 1/3. We show that any deterministic algorithm T with
perfect completeness that makes less than = - log(¢ ~*) /e queries errs on u when u ~ D with
probability at least 1/3, and conclude using Yao’s Minmax principle.

Consider such an algorithm 7. The probability that 7" makes an error on u is lower-
bounded by the probability that w is e-far from £(A) and T accepts, which in turn is larger
than the probability of M NF. By Corollary 3.9, we have P (F) > 5/12, and by Lemma 3.11,
P (M) is at least 11/12. Therefore, we have

P(T errs) > P(MNF)>1-7/12—1/12=4/12 = 1/3.

This concludes the proof of Theorem 3.7, and consequently of Theorem 3.2. |

4 Characterisation of Hard Languages for All NFAs

In this section we extend the results of the previous section to all finite automata. This
extension is based on a generalization blocking factors: we introduce blocking sequences,
which are sequences of factors that witness the fact that we cannot take any path through
the strongly connected components of the automaton. For the lower bound, we define a
suitable partial order on blocking sequences, which extends the factor relation on words to
those sequences, and allows us to define minimal blocking sequences.

4.1 Blocking sequences

We start with an example that highlights why we need to use blocking sequences instead of
blocking factors.

» Example 4.1. Let us study the automaton A depicted in Figure 2. The set of minimal
blocking factors of L£(.A) is infinite: it is the language ba*c. Yet, L is easy to test: We sample
O(1/¢) letters at random, answer “no” if the sample contains a ¢ occurring after a b, and
“yes” otherwise. To prove that this yields a property tester, we rely on the following property:

» Property 4.2. If u is e-far from L, then it can be decomposed u = uiug where uy contains
Q(en) letters b and ug contains Q(en) letters c.

The pair of factors (c,a) is an example of blocking sequence: a word that contains an
occurrence of the first followed by an occurrence of the second cannot be in L;. We can
also show that a word e-far from L must contains many disjoint blocking sequences — this
property (Lemma 4.11) underpins the algorithm for general regular languages.

What this example shows is that blocking factors are not enough: we need to consider
sequences of factors, yielding the notion of blocking sequences. Intuitively, a blocking sequence
for L is a sequence o = (vy, ..., vy) of (positional) words such that if each word of the sequence
appears in u, in the same order as in ¢, then u is not in L*. While L has infinitely many
minimal blocking factors, it has a single minimal blocking sequence o = (b, ¢).

4 This is not quite the definition, but it conveys the right intuition.
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a,b a,b,c
b g c
—>( qo >\(11/ >

Figure 2 An automaton A recognizing the language L = (a + ¢)*(a + b)".

4.1.1 Portals and SCC-paths

Intuitively, blocking sequences are sequences of blocking factors of successive strongly con-
nected components. To formalize this intuition, we use portals, which describe how a run in
the automaton traverses a strongly connected component, and SCC-paths, that describe a
succession of portals. Appendix B presents several examples motivating and illustrating the
definitions below.

We fix an NFA A4 = (Q,%,0,q0, F'). Let . be the set of SCCs of .A. We define p as the
least common multiple of the lengths of all simple cycles of A. Given a number k € Z/pZ,
we say that a state ¢ is k-reachable from a state s if there is a path from s to ¢ of length &
modulo p. From now on, we use “positional words” for p-positional words.

» Definition 4.3 (Portal). A portal is a 4-tuple P = s,z ~~ t,y € (Q x Z/pZ)?, such that s
and t are in the same SCC. It describes the first and last states visited by a path in an SCC,
and the positions x,y (modulo p) at which it first and lasts visits that SCC.

The positional language of a portal is the set
L(s,z~ty)={(z:w)|ted(s,w)Az+|w =y (modp)}.

Portals were already defined in [5], in a slightly different way. Our definition will allow us to
express blocking sequences more naturally.

» Definition 4.4. A positional word (n : u) is blocking for a portal P if it is not a factor of
any word of L(P). In other words, there is no path that starts in s and ends in t, of length
y — x modulo p, which reads u after n — x steps modulo p.

Portals describe the behavior of a run in a single strongly connected component.

» Definition 4.5 (SCC-path). An SCC-path 7 of A is a sequence of portals linked by
transitions ™ = So, g ~ to, Yo 2y 51,21 o t1,y1 - 2ry Sk, X~ tk, Yk, such that for all
ie€{l,....,k}, zi=y;—1 +1 (mod p) and s; € 6(ti-1,a;).

Intuitively, an SCC-path is a description of the states and positions at which a path through
the automaton enters and leaves each SCC. See Appendix B for some examples.

» Definition 4.6. The language L(7) of an SCC-path ™ = sq,x¢ ~ o, Yo —> - - S, Tp ~
t, Yris the set L(m) = L(s0, 20 ~ to,Yo)a1L(s1, 21 ~ t1,y1)ag - - L(Sk, Tg ~ g, Yk)

We say that 7 is accepting if xg = 0, so = qo, tx € F and L(7) is non-empty.
» Remark 4.7. We have L(A) = L(7).

Decomposing A as a union of SCC-paths allows us to use them as an intermediate step to

T accepting

define blocking sequences. We earlier defined blocking factors for portals: we now generalize
this definition to blocking sequences for SCC-paths, to finally define blocking sequences for
automata.

11
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» Definition 4.8. We say that a sequence (u1, ..., ) of positional factors is blocking for an
SCC-path m = Py =% ... Py if there is a sequence of indices ig < iy < --- < iy, such that for
every j, pi, is blocking for P;.

Crucially, in this definition, consecutive indices i; and i;4; can be equal, i.e. a single
factor of the sequence may be blocking for multiple consecutive SCCs in the SCC-path. This
choice is motivated by Example B.1 in the appendix, where the language is easy because
consecutive SCCs share blocking factors.

» Definition 4.9 (Blocking sequence for A). A sequence of positional words o = (1, ..., )
is blocking for A if it is blocking for all SCC-paths of A.

See Example B.2) for an example illustrating these definitions.
The goal of the next two lemmas is to show that we can reduce property testing of £(.A)
to a search for blocking sequences in the word. They are proven in Appendix C.

If we find a few blocking sequences in a word then it is not in the language and we can
answer no (Lemma 4.10).

A word that is far from the language contains many blocking sequences (Lemma 4.11).
Hence if we do not find blocking sequences in the word, it is unlikely to be far from
the language (Lemma 4.11). In fact, the lemma is more precise: we can find blocking
sequences organised in a particular way.

» Lemma 4.10. If u contains |A| disjoint blocking sequences for A then p ¢ L(A).

» Lemma 4.11. Let pu be a word of length n. There exist constants E, K such that if
+oo > d(u, L(A)) > en and n > E/e, then pu can be partitioned into p = pofy - pK

such that for every i = 0,...,K, p; contains at least 5 disjoint occurrences of words
Vi1,Vig2..., each of length O(1/e), such that for any choice of jo,ji,...,jK, the sequence
(V0,jo» V1jus- -+ » VK jx) @8 a blocking sequence for A.

4.2 An efficient property tester

In this section, we show that for any regular language L and any small enough ¢ > 0, there
is an e-property tester for L that uses O(log(e!)/e) queries.

» Theorem 4.12. For any NFA A and any small enough € > 0, there exists an e-property
tester for L(A) that uses O(log(e™1)/e) queries.

The property tester behind this theorem uses the property tester for strongly connected NFAs
as a subroutine, and its correctness is based on Lemma 4.11, an extension of Lemma 3.5 to
blocking sequences.

Recall that by Lemma 4.10, if we can find N = |A| disjoint blocking sequences in u, then
we know 4 ¢ L, and the tester can reject. By Lemma 4.11, if we find N disjoint v; ;’s in
each of the y;, then we have found N disjoint blocking sequences. Since all of the v; ; have
length at most O(1/e) and each p; contains 2(en) of them, we can adapt the algorithm of
Theorem 3.3 by tweaking the constants so that it has a constant probability of finding at
least one v; ; in a fixed p;, using O(log(e71)/e) queries. By repeating O(N) times for each
of the K + 1 possible values of 4, the algorithm finds the IV v; ; for each ¢ with probability at
least 2/3, and uses a total of O(log(¢~!)/e) queries, as N and K are constants.
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4.3 Lower bound

In order to characterise hard languages for all automata, we define a partial order < on
sequences of positional factors. It is an extension of the factor order on blocking factors. It
will let us define minimal blocking sequences, which we use to characterize the complexity of
testing a language.

» Definition 4.13 (Minimal blocking sequence). Let o = (1, ..., ux) and o' = (pf, ..., u;) be
blocking sequences of A. We have o < o’ if there exists a sequence of indices iy <o < ... <y
such that p; is a factor of ,u;j forallj=1,... k.

A blocking sequence o of A is minimal if it is a minimal element of < among blocking
sequences of A. The set of minimal blocking sequences of A is written MBS(A).

» Remark 4.14. If 0 < ¢’ and o is a blocking sequence for an SCC-path 7 then o’ is also a
blocking sequence for .

To prove a lower bound on the number of queries necessary to test a language when
MBS(A) is infinite, we present a reduction to the strongly connected case. Under the
assumption that A has infinitely many minimal blocking sequences, we exhibit a portal P
of A with infinitely many minimal blocking factors and “isolate it” by constructing two
sequences of timed factors o; and o, such that for all u, oy, (1), o, is blocking for A if and
only if y is a blocking factor of P. Then we reduce the problem of testing the language of
this portal to the problem of testing the language of P.

To define “isolating P” formally, we define the left (and right) effect of a sequence on an
SCC-path. Intuitively, the left effect of a sequence ¢ on an SCC-path 7 is the index of the
first portal in m where a run can be after reading o, because all previous portals have been
blocked. The right effect represents the same in reverse, starting from the end of the run.

More formally, the left effect of a sequence o on an SCC-path 7 = Py =% ... P is the
largest index i such that the sequence is blocking for Py =% --. P, (=1 if there is no such
). We denote it by (o > 7). Similarly, the right effect of a sequence on 7 is the smallest
index i such that the sequence is blocking for P; N ) (k + 1 if there is no such 7); we
denote it by (7 < o).

» Remark 4.15. A sequence o is blocking for an SCC-path 7 = Py 2% .. P, if and only if
(o0 > m) =k, if and only if (r < o) = 0.

Also, given two sequences oy, 0., the sequence o;0, is blocking for 7 if and only if
(or>7m) > (m <K o).

For the next lemma we define a partial order on portals: P < P’ if all blocking factors of
P’ are also blocking factors of P. We write = for the reverse relation, ~ for the equivalence
relation = N > and 2 for the complement relation of ~.

Additionally, given an SCC-path 7 = Py = - P, and two sequences of positional words
o1, 0, we say that the portal P; survives (o;,0,) if (o> 7) < i < (7w < 0y.).

» Definition 4.16. Let P be a portal and o; and o, sequences of positional words.
We define three properties that those objects may have:

P1 o0, is not blocking for A

P2 P has infinitely many minimal blocking factors

P3 for all accepting SCC-path 7 in A, every portal in m which survives (o7, o) is ~-equivalent
to P.

We use the existence of P, o; and o, with those properties as an intermediate step to
show that if MBS(.A) is infinite then £(.A) is hard.
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» Lemma 4.17. If A has infinitely many minimal blocking sequences, then there exist a
portal P and sequences o; and o, satisfying properties P1, P2 and P3.

» Lemma 4.18. If there exist P = s,x ~ t,y and oy, o, satisfying properties P1, P2 and
P3 then L(A) is hard.

» Proposition 4.19. If A has infinitely many minimal blocking sequences, then L(A) is hard.

Proof. We combine Lemmas 4.17 and 4.18. |

5 Trivial and Easy languages

5.1 Upper bound for easy languages
We establish that if MBS(A) is finite then A is testable with O(1/e) queries.

» Lemma 5.1. If A has finitely many minimal blocking sequences, then there is a tester for
L(A) using O(1/e) queries.

Proof sketch. The full proof is in Appendix C. As the number of minimal blocking sequences
of A is bounded, so is the maximum length of a minimal blocking sequence. Let K be the
upper bound on the length and P the bound on the number of minimal blocking sequences.

We infer from the fact that there are finitely many blocking sequences that if a word p is
e-far from the language of A then it must contain O(e|u|) disjoint occurrence of the same
minimal sequence o.

Since each positional word in this sequence has length at most K, by sampling O(%)
factors of length K uniformly at random, we can show a positive constant lower bound on
the probability to find o. We can repeat this step to obtain a probability > 1/2 of finding
| A| occurrences the sequence o. This witnesses that p ¢ £(A), by Lemma 4.10. <

This already gives us a clear dichotomy: all languages either require ©(log(¢~!)/e) queries
to be tested, or can be tested with O(1/¢) queries.

5.2 Separation between trivial and easy languages

At this point we can revisit the class of trivial regular languages identified by Alon et al. [5].

An example of a trivial language is Lo consisting of words containing at least one a over
the alphabet {a,b}. For any word u, replacing any letter by a yields a word in Lo, hence
d(u, Ly) < 1. Therefore, for n > 1/e, no word of length n is e-far from Lo, and the trivial
property tester that answers “yes” without sampling any letter is correct.

We give a combinatorial characterization of trivial languages (previously identified by
Alon et al. [5]) based on their set of blocking factors. Our notion of ¢rivial languages coincides
with the notion of trivial languages of Alon et al. [5], recalled below.

» Definition 5.2 ([5, Definition 3.1]). A language L is non-trivial if there exists a constant
gg > 0, so that for infinitely many values of n the set L N Y™ is non-empty, and there exists
a word w € X" so that d(w, L) > egn.

We show that triviality is equivalent to having no blocking sequence. Recall that we focus
on infinite languages, since we know that all finite ones are trivial (Remark 2.3).

» Lemma 5.3. MBS(A) is empty if and only if L = L(A) is trivial.
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Proof sketch. The full proof is in Appendix C. Suppose MBS(.A) is empty. By Lemma 4.11,
for all € > 0 long enough words cannot be e-far from L, hence L is trivial.

Suppose MBS(A) contains a blocking sequence o = (u1,...,ux). For all N € N we
construct a word wy containing k + 1+ N factors uq, ... , then k + 1+ N factors uy, plus a
few letters for padding. This word has length O(N). Furthermore, by changing N letters we

always obtain a word with k£ + 1 disjoint occurrences of ¢, and thus not in L by Lemma C.4.

As a result, d(wy, L) > N and thus wy is e-far from L for some ¢ independent of N. <«

It is easy to see that if a language is trivial in the above sense, then for large enough
input length n, membership in L only depends n, and the algorithm does not need to query
the input. Alon et al. [5] show that if a language is non-trivial, then testing it requires Q(1/¢)
queries for small enough € > 0. As a corollary of that lower bound, we obtain that if MBS(.A)
is non-empty, then testing £(.A) requires §2(1/¢) queries.

6 Hardness of classifying

In the previous sections, we have shown that regular languages could be classified in three
classes, which characterise their query complexity. In this section, we investigate the
computational complexity of checking which class of the trichotomy the language of a given
automaton belongs to. We formalize this question as the following decision problems:

» Problem 6.1 (Triviality problem). Given an finite automaton A, is £(A) trivial?
» Problem 6.2 (Easiness problem). Given an finite automaton A, is £(.A) easy?
» Problem 6.3 (Hardness problem). Given an finite automaton A, is £(.A) hard?

We show that, our combinatorial characterization based on minimal blocking sequences
is effective, in the sense that all three problems are decidable. However, it does not lead to
efficient algorithms, as all three problems are PSPACE-complete.

» Theorem 6.4. The triviality, easiness and hardness problems are all PSPACE-complete,
even for strongly connected NFAs.

The proof is presented in Appendix F. The upper bound requires us to give another
characterisation of hard languages, as it is not clear that the one we provided before can
be turned into a PSPACE algorithm. The hardness is proven by a reduction from NFA
universality. We transform a given automaton so that it remains universal if it was at the
beginning, but any word out of the language yields an infinite family of minimal blocking
factors in the new automaton.

7 Conclusion

We presented an effective classification of regular languages in three classes, each associated
with an optimal query complexity for property testing. We thus close a line of research
aiming to determine the optimal complexity of regular languages. All our results are with
respect to the Hamming distance. We conjecture that they can be adapted to the edit
distance. We use non-deterministic automata to represent regular languages. A natural open
question is the complexity of classifying languages represented by deterministic automata.
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The Trichotomy of Regular Property Testing

A The Case of Strongly Connected NFAs

A.1 Positional words, blocking factors and strongly connected NFAs

We establish some properties of positional words that will help us ensure that we are creating
well-formed positional words. We fix a strongly connected automaton A = (@, %, 9, qo, F)
and sets of states Qo, ..., Qxa)—1 as in Fact 2.4, with the initial state go in Qo.

» Lemma A.1. A positional word T = (i : w) is a blocking factor for A iff for every states
P € Qi q €Q, we have p 7 q.

Proof. We first show that if there exists states p € Q;,¢ € @ such that p = ¢, then 7 is
not blocking, i.e., there exists u € TL(A) such that 7 < p. As A is strongly connected,

there exist words w,w’ such that gy — p and ¢ w—/> gy for some gy € F'. By Fact 2.4, the
positional word (0 : wuw’) contains 7 as a factor. Since wuw’ labels a path from gy to gy,
we have (0 : wuw’) € TL(A), and 7 is not blocking.

For the converse, assume that 7 is not blocking: we show that there exists two states
p € Q;,q € Q such that p % ¢. As 7 is non-blocking, there exists a positional word = (0 : w)
such that 7 < p and there exists a final state r such that g L r, and equivalently, gy — 7.
Since 7 < (0 : w), there exists words v, v’ such that w = vuv’ and the length of v is equal to
i modulo \. In particular, the path gy — r can be decomposed into gy — p — ¢ — r: in
particular, we have p = ¢. It only remains to show that p is in Q;: this follows by Fact 2.4
since |v| =4 (mod A) and ¢ € Qp. <

Next, we show that the Hamming distance between u and £(A) is the same as the
(Hamming) distance between (0 : u) and TL(A).

> Claim A.2. For any word u € ¥*, we have d(u, L(A)) = d((0: u), TL(A)).

Proof. It suffices to observe that for all v € L(A), the ith letter differs in u and v if and only
if it differs in (0 : u) and (0 : v). Hence d(u,v) = d((0 : u), (0 : v)) for all v € L(A), and
therefore d(u, £L(A)) = d((0: u), TL(A)). <

The above claim allows us to interchangeably use the statements “u is e-far from £(A)” and

“(0: u) is e-far from TL(A)".

A.2 Upper Bound for Strongly Connected NFAs

Alon et al. [5, Lemma 2.6] first noticed that if a word u is e-far from £(.A), then it contains
Q(en) short factors that witness the fact that w is not in £(A). We start by translating
the lemma of Alon et al. on “short witnesses” to the framework of blocking factors. More
precisely, we show that if u is e-far from £(A), then (0 : u) contains many disjoint blocking
factors.

» Lemma A.3. Let ¢ > 0, let u be a word of length n > 6m? /e and assume that L(A)
contains at least one word of length n. If 7 = (0 : w) is e-far from TL(A), then T contains at
least en/(6m?) disjoint blocking factors.

Proof. We build a set P of disjoint blocking factors of 7 as follows: we process u from left to
right, starting at index i1 = p. Next, at iteration ¢, set j; to be the smallest integer greater
than or equal to i; and smaller than n — p such that 7[i;..j:] is a blocking factor. If there is
no such integer, we stop the process. Otherwise, we add 7[i;. .j: + p — 1] to the set P, and
iterate starting from the index 4441 = ji + p.
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Let k denote the size of P. We will show that we can substitute at most 3(k + 1)m?
positions in 7 to obtain a word in T L(A). (See Figure 3 for an illustration of this construction.)
Using the assumption that 7 is e-far from 7 L£(A) (which follows from Claim A.2) will give
us the desired bound on k.

a) [ ] clhen] [ rlees) P - ] rleedd P
b) | [ 7l —1] ] [ rliz. g2 — 1] ] [ rledr—1] | |
PI—>q1 P2 ——— Q2 ps.-. Pk ——— Gk
c) ’ ‘ Tliy. .j1 — 1] l ‘ Tlia. .ja — 1] ‘ l Tlik--Jr — 1] ‘ ‘
do — P1 q1 P2 q2 P3... — Pk dk ar

Figure 3 a) The decomposition process returns k factors 7[i1, ji],. .., T[ik, jk| (represented as

diagonally hatched in gray regions), separated together and with the start of the word by padding
regions of p — 1 letters (red cross-hatched regions). b) After removing the last letter, each previously
blocking factor now labels a path between some pair of states p¢, g:. ¢) We use the padding regions
to bridge between consecutive factors as well as the start and end of the word.

For every t, we chose j; to be minimal so that 7[is..j;] is blocking, hence 7[i;..j; — 1] is
not blocking, and therefore 7[i;..j; — 1] labels a run from some state p; € Q to some state
¢t € Qi+j,—i,- Therefore, using the strong connectivity of A and Fact 2.4, we can substitute
the letters in 7[j;. .j: + p — 1] to obtain a factor that labels a path from g; to py11. After this
transformation, the word 7[i;. .j: + p — 1] labels a path from p; to p;1. Using the p letters
at the start and the end of the word, we add transitions from an initial state to p; and from
qr to a final state: the assumption that £(.A) contains a word of length n ensures that Q,
contains a final state, hence this is always possible. The resulting word is in 7L£(.A) and was
obtained from 7 using (k + 1)p < 3(k + 1)m? substitutions. As 7 is e-far from 7 L(A), we
obtain the following bound on k:

9 en

3k+1)m >en=k+1> 32

En
=>k> 32 1
En

=k>—
~ 6m?

The last implication uses the assumption that n > 6m?/e. |

» Lemma 3.5. Let € > 0, let u be a word of length n > 6m? /s and assume that L(A)
contains at least one word of length n. If u is e-far from L(A), then the positional word
(0 : u) contains at least en/(12m?) disjoint blocking factors of length at most 12m? /.

Proof. Let u, A be a word and an automaton satisfying the above hypotheses. By Lemma A.3,
(0 : u) contains at least en/(6m?) disjoint blocking factors. As these factors are disjoint, at
most half of them (that is, en/(12m?) of them) can have length greater than 12m?/e, as the
sum of their lengths cannot exceed n. <

» Lemma 3.6. In the last Else block, if u is e-far from L(A), then Algorithm 1 rejects with
probability at least 2/3.
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Proof. Assume that u is e-far from £(A). As we are in the last Else block of Algorithm 1,
L(A)NX™ is not empty (i.e., L(A) contains a word of length n) and n > 3, therefore the
conditions of Lemma 3.5 are satisfied. Let B denote the set of minimal blocking factors in
(0 : u) given by Lemma 3.5: we have |B| > n/B. We conceptually divide the blocking factors
in B into different categories depending on their length: for t = 0,...,T, let B; denote the
subset of B of blocking factors of length at most £; = 2¢. We then carefully analyse the
probability that randomly sampled factors of length 2¢; contains a blocking factor from By,
and show that over all ¢, at least one blocking factor is found with probability at least 2/3.

> Claim A.4. If in a call to SAMPLE, the value ¢ is such that there exists indices I, r,l <i <,
such that (0 : w)[l, 7] is a blocking factor of A of length at most ¢, then the factor 7 returned
by the function is blocking for .A.

As the factors given by Lemma 3.5 are disjoint, the probability p; that the factor returned
by SAMPLE is blocking is lower bounded by

1
>
Pt = n E |7|
TEB,

The SAMPLE function is called r; = 21n(3)3/¢; times independently for each ¢, hence the
probability p that the algorithm samples a blocking factor satisfies the following:

T
(I-p _H 1—p)" <exp< Zp:&ﬁ)

t=0

V

< exp (_QIn )B Sl 2 (1og|f]>
TEB
21n(3)8
<exp| —
S
( 2In(3)8 |B|>
:exp — - —_
n 2
< _2In(3)8 n
= oxp n 2p3

It follows that p > 2/3, and Algorithm 1 satisfies Definition 2.2. <

A.3 Lower Bound for strongly connected automata with infinitely many
blocking factors

Let A be a strongly connected NFA. Let A be an automaton recognising T L(A), as defined
just after Definition 2.5. As A is strongly connected, so is A: from every reachable state we
can go back to the initial state by following a path to the initial state of A and adding cycles
to adjust the modulo. In this whole section we will thus assume that A recognises 7L(.A)
instead of just £(A).
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A.3.1 The structure of MBF(.A)

We prove that the set of minimal blocking factors of an automaton is a regular language,
albeit recognized by an automaton that is possibly exponentially larger that A. We first
prove the result for blocking factors of the form (i : u) for a fixed i € Z/\Z.

» Lemma A.5. Let A= (Q,%,0,I,F) be a strongly connected NFA with m states and let
A= AA). For every i € Z/\Z, the set of minimal blocking factors of A of the form (i : u) is
a reqular language recognized by a NFA of size 200™)

Proof. We call blocking factors of A of the form (i : u) its i-blocking factors.

We first show that the set of i-blocking factors of A, but not necessarily minimal ones, is
a regular language recognized by an NFA A; with m + 1 states.

Consider the NFA A4; obtained by adding a new sink state | to .4, making it the only
accepting state, with initial states Q;. Formally, A; is defined as A; = (QU{L}, %, ¢, Q;, {L}),
where ¢’ is defined as follows:

{1y ifé(p.a) =0,

Vp e Q,VaeX:§(pa)=
peq p,) {5(p7a) otherwise.

This automaton® recognizes the set of i-blocking factors of A and has size O(m). We can
then construct B; a deterministic automaton for the same language.

The result follows by using a standard construction: build an automaton that runs B;
on the input word, and B;1 on the word obtained by ignoring the first letter. It accepts if
the word is accepted by B;, and the words obtained respectively by ignoring the first and
last letters are rejected by respectively B;11 and B;. A word is accepted if and only if it is a
minimal blocking factor.

This yields the desired automaton, of size 2°(™).

It follows that the set of minimal blocking factors of A is also a regular language.

» Corollary A.6. Let A be an NFA with m states. The set of minimal blocking factors of A
is a regular language recognized by an NFA of size 20(m)

Therefore, if MBF(A) is infinite, we can use Kleene’s lemma to find an infinite family of
minimal blocking factors with a shared structure {¢v"x,r € N}. We will use this property
later, when proving a lower bound against the language of automata with infinitely many
blocking factors.

» Lemma A.7. If MBF(A) is infinite, then there exist positional words ¢,vy,v_,z,x such
that:

1. the words vy and v_ have the same length,
2. there exists an index i, € Z/AZ and a state g« € Q;, such that for every integer r > 1,
the positional word T_ , = ¢p(v_)"z is blocking for A, and for every s < r, we have

G 2% g, where Ty g = G(v_)vy (V)"0

In particular, T4 » s is not blocking for A.

5 Our definition of NFAs does not allow for multiple initial states. As there is no constraint of strong
connectivity for A;, this can be solved using a simple construction that adds a new initial state.
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Note that here, the state g, is the same for every integers r, s.

Proof. As MBF(.A) is infinite, there must exist an ¢, such that A has infinitely many minimal
i.-blocking factors; we fix such an i, in what follows.

As the set of minimal i.-blocking factors is an infinite regular language recognized by
an NFA of size S = 290" by Kleene’s Lemma, there exist positional words 7, , 1, each of
length at most S with |u| > 1, such that for any non-negative integer k, 7u*7 is a minimal
i.-blocking factor. We can assume w.l.o.g. that neither 7 nor 7 is empty, otherwise we set
their value to u: after this modification, 74 is still a minimal 4,-blocking factor for every
k> 0.

Notice that the word 7u™ is not a blocking factor, as a proper factor of the minimal
blocking factor 7u™n. Therefore, by the pigeonhole principle, there exist integers kg, k1 > 1
with ko + k1 = m and states p, p; such that we have

k1

k0 "
p——pP1 — P1-

Note that, by Fact 2.4, p; ﬂ> p1 implies that k1 - || =0 (mod N).

Similarly, the word 7 is not a blocking factor, since it is a proper factor of the minimal
ix-blocking factor Tu™n. Again, there exist integers ko > 1, k3 summing to m and states ps
and ¢ such that

ko k3
B w8y
p2 —>p2 — Q.

Now, define ¢ = 7o, x = p¥n and v_ = p*, where K = p -k - ky. As there are
transitions starting from p; and p, labelled by u, p; and ps belong to the same periodicity
class. Therefore, by Fact 2.4, as K > p and K - |u| =0 (mod X), there exists a word v, of
length K - |p] such that p; LA p2. This choice of ¢, v, ,v_ and x satisfies all the conditions
of the lemma. |

A.3.2 Constructing a hard distribution

Let € > 0 be sufficiently small and let n be a large enough integer. In what follows, m
denotes the number of states of A. To construct the hard distribution D, we will use an
infinite family of blocking factors that share a common structure, given by Lemma A.7.

Let S be the length of v_ and vy. The crucial property here is that 7_, and 7 , s
are very similar: they have the same length, differ in at most S letters, yet one of them is
blocking and the other is not.

We now use the words 7_ , and 74 , ; and the constant S to describe how to sample an
input p = (0: u) of length n w.r.t. D.

Let m be a uniformly random bit. If 7 = 1, we will construct a positive instance
€ TL(A), and otherwise the instance will be e-far from T L(A) with high probability. We
divide the interval [0..n — 1] into k = en intervals of length ¢ = 1/¢, plus small initial and
final segments p; and s of length O(p) to be specified later. For the sake of simplicity, we
assume that k and ¢ are integers and that A divides ¢. For j = 1,...,k, let a;,b; denote
the endpoints of the j-th interval. For each interval, we sample independently at random a
variable x; with the following distribution:

{t, w.p. pr = 3-21Se/log((Se)™1) for t = 1,2,... log((Se)™1),
:‘ij =

o8 3)
0, wp. po=1-=308E,,
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The event x; > 0 means that the j-th interval is filled with with N ~ 27" /¢ “special”
factors. When m = 0, these “special” factors will be minimal blocking factors 7_ ,. for r = 274,
whereas when m = 1, they will instead be similar non-blocking factors 7, , s for a uniformly
random s: they will be hard to distinguish with few queries. On the other hand, the event
tj = 0 means that the j-th interval contains no specific information. More precisely, we
choose a positional word 7, of length ¢ such that g, —= ¢,: by Fact 2.4, this is possible as
£ =0 (mod A). Then, if k; = 0, we set u[a;..b;] = n,, regardless of the value of 7.
Formally, if k; > 0, let r = 2%, N = 27" /(S¢) and let 7 be a word of length £/ — N -|7_ .
such that ¢. - g.: such a word exists as A divides ¢ and |7_,|. We construct the j-th

interval as follows:

if 7 =0, we set ula;..b;] = (7— )Vn,

if 7 =1, we select s € [0..r — 1] uniformly at random, and set p[a;..b;] = (74 ,5) V.

Finally, the initial and final fragments p; and py of 4 are chosen to be the shortest words
that label a transition from gg to ¢. and ¢, to a final state, respectively.

A.3.3 Properties of the distribution D

We first state the important properties of the distribution D

» Observation A.8. If ¢ is small enough, D is well-defined, i.e. for everyt between 0 and
log((Se)™1), we have 0 < p; < 1.

» Observation A.9. If 7 =1, then p € TL(A).
We recall Hoeffding’s inequality, which will be used in the next proof.

» Lemma A.10 ([20, Theorem 2]). Let X,..., X} be independent random variables such
that for everyi=1,...,k, we have a; < X; < b;, and let S = Zf:l, Then, for anyt > 0,
we have

2 2
P(E[S]—S >t) <exp —k; .
>iz1(bi — ai)?
» Lemma 3.8. Conditioned on m = 0, the probability of the event F = {u is e-far from
TL(A)} goes to 1 as n goes to infinity.

Proof. When 7 = 0, the procedure for sampling u puts blocking factors of the form (i, : x)
at positions equal to i, mod A. Any word containing such a factor at such a position is not
in TL(A), therefore any sequence of substitutions that transforms p into a word of TL(.A)
must make at least one substitution in every such factor. Consequently, the distance between
wand TL(A) is at least the number of blocking factors in p. To prove the lemma, we show
that this number is at least en with high probability, by showing that it is larger than en by
a constant factor in expectation and using a concentration argument.

Let B; denote the number of blocking factors in the j-th interval: it is equal to 277 /(Se)
when £; > 0 and to 0 otherwise.

> Claim A11. Let B =Y ", B;, and let E =E[B]. We have E > 2en.
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Claim proof. By direct calculation:

E=) E[B)] by linearity
j=1
k log(S/¢)
= Z Z 271 /(Se) - py def. of expectation
j=1 t=1
k log(S/e)
= Z Z 271/(Se) - 3-2'eS/log(S/¢e) def. of p;
j=1 t=1
log(S/)

k
=2 > 3/log(s/e)

<

We will now show that P(B < en) goes to 0 as n goes to infinity. By Claim A.11, we have
B < en = E — B > en, and therefore P(B < en) < P(E — B > en). The random variable
B is the sum of k independent random variables, each taking values between 0 and 1/(Se).
Therefore, by Hoeffding’s Inequality (Lemma A.10), we have

P(E — B < en) < exp <_15?SZ)2)

25242
<exp|—— ) ask<en
en

< exp (—25%"n)
This probability goes to 0 as n goes to infinity, which concludes the proof. |

» Lemma 3.10. Let T be a deterministic tester with perfect completeness (i.e. one sided
error, always accepts T € TL(A)) and let q; denote the number of queries that it makes in
the j-th interval. Conditioned on the event M = {Vj s.t. k; > 0,q; < 2%}, the probability
that T accepts u is 1.

Proof. We show that if there exists a 7 with non-zero probability w.r.t. D under M that T
rejects, then there exists a word 7/ € T L(A) that T rejects that also has non-zero probability,
contradicting the fact that T has perfect completeness.

Let 7 be the word rejected by T as T has perfect completeness, hence 7 ¢ TL(A), and
there must be at least one interval with x; > 0. Consider every interval j such that x; > 0:
it is of the form (7_,)Nn where r = 2% and 7_ , = ¢(v_)"x. Therefore, if ¢; < 2%, then
there is a copy of v_ that has not been queried by T" across all copies of 7_ ,.. Consider
the word 7’ obtained by replacing this copy of v_ with vy in all N copies of 7_ , in the
block. The result block is of the form (74 ,.5)Vn for some s < r, and by construction it is
not blocking. Applying this operation to all blocks results in a word 7’ that is in TL(A).
Furthermore, 7’ has non-zero probability under D conditioned on M: it can be obtained by
flipping the random bit 7 and choosing the right index s in every block. <

» Lemma 3.11. Let T be a deterministic tester, let q; denote the number of queries that
it makes in the j-th interval, and assume that T makes at most =5 -log(e ™) /e queries, i.e.
24 < = -log(e 1) /e. The probability of the event M = {Vj s.t. r; > 0,q; < 2%} is at
least 11/12.
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os  Proof. We show that the probability of M, the complement of M, is at most 1/12. We
06 have:

P(M)=P(Fj:r; >0Aq; >2%)

- < Z}P’ (kj >0Aq; >2%) by union bound
J
[log q; ]
. Y > w
j t=1
[log gy 3.90¢
930 Z Z log S/E by def. of Dt
|log q; ]

931 log S/E Z Z 2!

932 S T o\ 2(]'
1og<5/e> Z i

3e 2 log(1/e)
933 = == —

log(S/e) 72 €
o <1/12

935 |

s B Useful examples for blocking sequences

os7  The goal of this appendix is to provide a few examples to guide the intuition of the reader
s through the definitions of Section 4.1.

Figure 4 An automaton A3 recognizing the language Lo = [((c+d+¢e)*b(b+e)*d)*a](b+c+d+e)*.

a9 » Example B.1. Consider the automaton in Figure 4: it has two SCCs and a sink state.
s0  The minimal blocking factors of the first SCC are given by By = be*c + a, and By = {a}
oar  for the second SCC. This automaton is easy to test: intuitively, a word that is e-far from
o2 this language has to contain many a, as otherwise we can make it accepted by deleting all a,
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thanks to the second SCC. However, «a is also a blocking factor of the first SCC, therefore, as
soon as we find a’s in the word, we know that it is not in Ls. The crucial facts here are that
the set Bs of minimal blocking factors of the second SCC is finite and it is a subset of Bjy:
the infinite nature of B is made irrelevant because any word far from the language contains
many a’s.

Figure 5 Automaton used for Example B.2.

» Example B.2. Consider the automaton displayed in Figure 5. The lcm of the lengths of
its simple cycles is p = 2. This automaton has six accepting SCC-paths, including

1 ZQO70WQOaOi>QIa1“"QI71 $QS7OWQS7OE>Q471“’“’Q4,1

7T2:q0a0WQOaOi>q271WQ1701>Q371WQ37Oi>q471Wq471

The language of the 7 is a(ba)*a(a?)*b. A blocking sequence for this SCC-path is
((0: aa),(0: b)), which is in fact blocking for all of the SCC-paths.

On the other hand, ((0 : ab)) is not blocking for 71, as (0 : ab) is not a blocking factor
for the portal ¢1,1 ~ q1, 1. It is, however, a blocking sequence for 73. This is because if we
enter the SCC {q1, g2} through ¢, a factor ab can only appear after an even number of steps,
while if we enter through g¢o, it can only appear after an odd number of steps.

» Example B.3. Consider the automaton 4 displayed in Figure 6: it only has cycles of
length 1, hence p = 1. Its states are totally ordered by < 4.

B Y
—>{ 4o >( g1 q2

Y

Figure 6 An automaton recognizing the language b* + b*ab*a”.

Observe that the sequence o = ((0: a), (0 : b)) is a blocking sequence for the SCC-path
T =q0,0~ q0,0 = q1,0 ~ q1,0 2 ¢2,0 ~» ¢2,0 . Indeed, a is blocking for the first two
portals, and b for the third.

We can verify Lemma C.4 on this example: if a word u contains |Q| = 4 disjoint
occurrences of o, then in particular it must contain factors a, a and b in that order, hence u
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is not in £(A). Two occurrences of blocking sequences would be enough here, but note that
one occurrence is not enough: the word (0 : aba) contains ((0 : @), (0 : b)), yet it is in the
language of .

C Properties of blocking sequences

» Lemma C.1. Let A be an automaton and P a portal in A. There is a strongly connected
NFA with at most p|A| states that recognizes L' = L(P).

Proof. Let S denote the SCC of s and ¢ in A, and let A denote its periodicity. By definition
of p, A divides p: let k be the integer such that p = A\k. The automaton A’ for L’ simulates
the behavior of A restricted to S starting from the state s, while keeping track of the number
of letters read modulo p, starting from x. More precisely, let Qg,...Qx_1 be the partition of
the states of S given by Fact 2.4. The set of states of A’ is given by

Q ={(syi+jN |5 €Qii=0...,A—1,j=0,...,k—1}.

It is a subset of Q x Z/pZ, hence it has cardinality at most p|.A|. The transitions in A’ are

of the form (s1,7+ j\) Lia), (52,7 4+ jA+1 (mod p)) for any s, so such that s; = sy in A.

Furthermore, A’ is strongly connected. Let i1,42 be indices of periodicity classes of S,
and let s; € Q;,, 52 € @4, be states of S. We show that for any ji,j2 < k, there is a path
from o1 = (81,41 + J1\) to 02 = (82,42 + joA) in A’. Let £ be a sufficiently large integer equal
to (12 — 1) + (J2 — j1)A (mod p). As A divides p, ¢ is equal to (i2 — 1) (mod A). By taking
¢ larger than the reachability constant of S, Fact 2.4 gives us that there is a path of length ¢
from sy to sg in S, labeled by some word u. The positional word (x : u) labels a transition
from o1 to oo in A’, hence it is strongly connected.

Note that the periodicity of A’ is p, hence we can apply the results we obtained on
strongly connected NFAs in Section 3 to portals, with p|.A| as the number of states and p as
the periodicity. |

In order to simplify the exposition of the proofs of later results, let us start with two
technical lemmas expressing two basic properties of the Hamming distance with respect to
A. The first one extends Kleene’s Lemma on languages of SCC-paths: for large enough ¢,
whether £(m) contains a word of length ¢ only depends on the value of ¢ modulo p.

» Lemma C.2. Let 7 = Py =% ... P, be an SCC-path. There exists a constant B such that,
for all ¢ > B, if there is a word p of length £ in L(r), then there exists a word p' of length
£ —p and a word " of length £ 4+ p in L(r).

Proof. Recall the definition of £(7) (Definition 4.6):
L(m) = Loai1Lyas - -+ Ly, where L; = L(P;) fori=0,... k.

It follows that a word p € L£(m) can be written as p = pyayps . .. pg with p; € L;. Each L; is

recognized by a strongly connected automaton A; with at most p|.A| states. Let B = 5(p|.A|)?.

If the length ¢ of u exceeds B, then the run of u in each of the A;’s contains simple loops
with sum of lengths greater than p + 3(p|A|)2. Let £y + p denote the sum of the length of
these simple cycles: by construction ¢y is greater than 3(p|.A|)?. We remove these simple
cycles from the run: the resulting run is still in £(7). Next, select any non-trivial SCC S; in
7 and let s be a state of S; used by the run. As ¢y > 3(p|.A|)?, by Fact 2.4, there is a path
of length ¢y from s to itself in A;. Adding this path to the run yields an accepting run of
length ¢ — (¢o + p) + o = ¢ — p: the word labeling this run is the desired word p’.
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To obtain y”’, consider any simple cycle in the run of y in A, and let m denote the length
of this cycle. By definition of p, m divides p. Iterating this cycle p/m times yields a word p”’
of length ¢ + p that is in £(r). <

» Corollary C.3. Let w be an SCC path. For large enough £, whether there is an word of
length £ in L(7) only depends on the value of ¢ (mod p).

We say that two occurrences of blocking sequences in a word p are disjoint if the
occurrences of their factors appear on disjoint sets of positions in p.

» Lemma C.4. Let 71 = Py 2% P, --- P, be an SCC-path. If u contains k + 1 disjoint
occurrences of blocking sequences for m, then u ¢ L(r).

Proof. We prove the statement by induction on k.

For k = 0, the language of 7 is exactly the language of Py, and blocking sequences of 7
contain at least a blocking factor of Py. Therefore, a word containing a blocking sequence is
not in L(Py) = L(7).

Now let k£ > 0 and suppose that the induction hypothesis holds for £ — 1. Assume for the
sake of contradiction that u is in £(7) and that it contains k + 1 occurrences of blocking
sequences. As it is in £(7), we can decompose u into p = pgaop’ with pg € L(Py) and
i € L(7'), where 7/ = P, 22 ... P, is the tail of 7. Now, we can assume w.l.o.g. that the
first element v of each of the k + 1 blocking sequence occurring in y is blocking for Py, as
otherwise the removal of v still leaves a blocking sequence. It follows that each v does not
occur completely in g, as pg is in L(Py). Furthermore, as the sequences are disjoint, at
most one v can overlap with pgag, hence at least k£ blocking sequences are fully contained in
i’ Our induction hypothesis implies that g is not in £(7’), a contradiction. This concludes
our induction. <

The next lemma expresses a kind of converse implication, which generalizes Lemma A.3
from the strongly connected case: if a word is far from the language, then it contains many
blocking sequences.

» Lemma C.5. Let 7 = Py 25 ... Py, be an SCC-path, let L = L(x), and let i be a positional
word of length n such that d(u, L) is finite. There is a constant C' such that if n > 2C/e
and u is e-far from L, then p can be partitioned into p = popy -+ - px such that for every
i=0,...,k, p; contains at least & blocking factors for P;, for some constant C.

Proof. We proceed similarly to the proof of Lemma A.3, and only sketch this proof. Starting
from the left end of p, we accumulate letters until we find a factor blocking for Py, and
iterate again starting from p positions later, where p is the reachability constant of a strongly
connected automaton recognizing £(FPp). When we have found at least K = % blocking
factors (C is to be determined later) for £(F;), this position marks the end of y;, and we
iterate with the next portal in 7.

Let us assume that the process ends (i.e. we reach the right end of i) before finding
enough blocking factors for all portals. We show that in this case, the distance between pu
and L is at most en. Assume w.l.o.g. that we stop before finding enough blocking factors for
P;. As in the proof of Lemma A.3, we replace the last letter of each blocking factor and use
the padding between them to make the run accepted by the automaton: this uses at most
((i +1) - K+ 2)p < en substitutions, if we set C' = 4(k + 1)p. Therefore, if p is e-far from
L(7), then the decomposition process finds at least K blocking factors for P; in u; for each
2. <
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We make the remark that minimal blocking sequences have a bounded number of terms.
This is because if we build the sequence from left to right by adding terms one by one, the
minimality implies that at each step we should block a previously unblocked portal.

» Lemma C.6. A minimal blocking sequence for A contains at most p?|Q|? terms.

Proof. First, remark that there at most p?|Q|? portals in A. Let ¢ = (u1...,u¢) be a
minimal blocking sequence for A. For all i = 1,...,¢, we define o; = (1 ..., p;), and og is
the empty sequence.

Then, for each i, we consider the set S; of portals P such that for all accepting SCC-path
7 of A containing P, the prefix of © ending at P is blocked by ;. We have Sg = ), and Sy is
the set of all portals of A.

We claim that for every i < ¢, S; is a proper subset of S; ;1. Otherwise, if S; = S;41, then
removing p;+1 from o gives a blocking sequence o’ of A, such that ¢’ < o, contradicting the
minimality of o.

Therefore, it follows that ¢ < p?|Q|>. <

» Lemma 4.10. If p contains |A| disjoint blocking sequences for A then u ¢ L(A).

Proof. Let m be an accepting SCC-path through A. Note that number ¢ of portals in 7 is
at most |@Q|. By definition, a blocking sequence for A is a blocking sequence for w. As u
contains |@Q| disjoint blocking sequences for A, it contains ¢ < |@Q| disjoint blocking sequences
for 7, hence p ¢ L(m) by Lemma C.4. As a result, p is not in the language of any accepting
SCC-path of A, and thus not in £(.A). <

» Lemma 4.11. Let p be a word of length n. There exist constants E, K such that if
400 > d(u,L(A)) > en and n > E/e, then p can be partitioned into p = popiy -+ K

such that for every i = 0,...,K, p; contains at least < disjoint occurrences of words
Vi1,Vig2-.., each of length O(1/e), such that for any choice of jo,j1,...,jK, the sequence
(V0,5os V1,j1s - - » VK, jic ) @5 @ blocking sequence for A.

Proof. We start by observing that an SCC-path contains at most |.A| portals, hence there are
at most (|A|?p?|Z] + 1) SCC-paths in A. Let K < (JA]?p?|%| 4 1) denote the number
of accepting SCC-paths of A, and let IT be the set of these SCC paths.

For each accepting SCC-path m, as L£(7) C L(A), d(u, L(r)) > d(p, L(A)), hence p
contains Z¢ disjoint blocking sequences for m, by Lemma C.5. We can apply this result as
long as D > 2C: we define D = max(2C, K - C). As the blocking sequences are disjoint, the
sum of their lengths does not exceed n, thus up to doubling C', we have that % of them have
a total length of O(1/¢).

It remains to prove that 2 disjoint blocking sequences for each 7 implies

en

D
blocking sequences for A. We decompose p into 7, . . ., g and index the accepting SCC-paths

IT = {m,..., 7K} such that each 7; contains a 1/K-fraction of the paths that are blocking
for 7;, the i-th accepting SCC path of A. We proceed as follows: for all i < K we define
7; so that 7 - - - n; is the shortest prefix of p such that there exist w; € II'\ {my,...,m_1}
such that there are > ;”é disjoint blocking sequences for m; in 71 ---n;. We define nx so
that 71 ---nx = p. As all m € II have at least & blocking sequences in y, this sequence is
well-defined. Furthermore, the m; are distinct by definition.

It follows that n; contains % > 5 disjoint blocking sequences for ;. Finally, concaten-
ating a blocking sequence from each of the 7; yields a blocking sequence for A.

Note that the resulting blocking sequences o = (&, &1, ..., &) contain at most ¢ < K - | A|

disjoint

elements, as the blocking sequences for the 7; contain at most |A| elements. The word gy is
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the prefix of u that contains the element &, from the first % sequences o, where £ = D - | AJ;
the selected &, are the (1p);. We then iterate on the remainder of the word, with pu;

containing the elements &; from 5 subsequent sequences o. |

D Languages with infinitely many blocking sequences are hard

D.1 Proof of Lemma 4.17

» Lemma 4.17. If A has infinitely many minimal blocking sequences, then there exist a
portal P and sequences oy and o, satisfying properties P1, P2 and P3.

Proof. As A has infinitely many minimal blocking sequences, there exists an accepting
SCC-path 7 with infinitely many minimal blocking sequences. By Lemma C.6, the number
of terms in a minimal blocking sequence is bounded, therefore there is a portal in © with
infinitely many minimal blocking factors.

If A has infinitely many minimal blocking sequences, let (o) en be a family of minimal
blocking sequences such that the sum of the lengths of the terms of o; is at least j for all j.

By Lemma C.6, a minimal blocking sequence has a bounded number of elements. We can
thus extract from this sequence another one (0} );en such that each o’ contains a factor of
length at least j.

For each j let 4; be the index in 03» of a factor of length at least j, and [; and r; respectively
the left effect of the i; — 1 first factors and the right effect of the k; — ¢; last ones, with
k; the length of 0;». As those objects are taken from bounded sets, we can obtain a third
sequence (0;) en and o and K such that the ith element of each &; has length at least j
and the set of components for which it is blocking is K.

For all j let (nj,u;) be the ith element of ;. Define oy = (n} : u}),...,(n} : u}) and
or = (nf tuf),...,(n} : uj) so that 61 = oy(n1,u1)o,. For all j, oy(n; : u;)o, is a minimal
blocking sequence.

We call surviving portals the portals that survive (o7, 0,.) in at least one SCC-path.

> Claim D.1. There exists a surviving portal with infinitely many minimal blocking factors
that is minimal for < among surviving portals.

Proof. Suppose by contradiction that all <-minimal surviving portals have finitely many
minimal blocking factors.

For all j, (n; : u;) must be blocking for all surviving portals (otherwise &; would not be
blocking for A). Hence (n; : u;) contains a blocking factor for each <-minimal surviving
portal. As those factors are bounded while (n; : u;) can get arbitrarily large, there exists j
such that (n; : u;) can be split into two non-empty parts (n; : uj_)(n;r : uj) so that each
=-minimal surviving portal has a minimal blocking factor in either (n; : u;’) or (n;' : u;r) As

a consequence, every surviving portal has a blocking factor in either (n; : u;’) or (n;r : u;“)

Let P be the number of portals of A. We obtain that o;[(n; : u;)(n;r : u;r)]Par is a
blocking sequence for A, contradicting the minimality of o;(n; : u;)o, for <. In conclusion,

there is a <-minimal surviving portal with infinitely many minimal blocking factors. <

Let s,x ~~ t,y be a <-minimal surviving portal with infinitely many minimal blocking
factors: It satisfies P2.

The following claim shows that there is a pair of sequences (o7, 0,.) such that properties
P1 and P3 are satisfied.
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> Claim D.2. There exist oy, 0, such that o;0, is not a blocking sequence for A, and for all
accepting SCC-path 7 in A, every surviving portal in 7 is ~-equivalent to s,z ~~ t, .

Proof. We start from the sequences oy, ;. defined before and extend them so that they have
the desired property.

For each s, 2" ~ t',y/ % 5,2 ~ t,y, since s,z ~> t,y is <-minimal we can pick a positional
word (1 : ) gty that is blocking for s', 2’ ~ t', 3 but not for s,z ~» ¢, y.

We extend o; and o, as follows. While there is a surviving portal s', 2" ~ t', 3/ that is
not ~-equivalent to s,z ~ t,y:

We pick an SCC-path 7 such that s’,x’ ~ t', 3’ survives in 7.

Let iy = (o7 > 7) and i, = (7 < 0,)

If for all ¢ € {ig +1,...,4 — 1}, 84, ~ t;,y; # s,x ~ t,y then we append at the
end of oy the sequence (1 : U)s,, 1 a:, 41ty 101,010+ » (0 Wi 1 wi y~sts, 1,ys,1- LhE
sequence 0,0, is now blocking for 7. On the other hand, since we did not add any blocking
factor for s,z ~ t,y, there must still be a surviving portal that is ~-equivalent to it.

If there isan i € {iy+1,...,4, — 1} such that s;,z; ~ t;,y; =~ s,x ~> t,y then let ¢ be the
maximal index in {i¢ + 1,...,i} such that (mg, s, t.) is not equivalent to s,z ~~ t,y for
~, or iy if there is no such index. Symmetrically, let d the minimal index in {4,...,4, — 1}
such that (mg, Sq,tq) # S, ~ t,y, or i, if there is no such index. We append at the
end of o the sequence (1 : U)s; 1 ,z:,41~ti,11,0i,410 - -+ (W Wines,t.- We append at the
beginning of o, the sequence (1 : U)s,wyvstayas- - (05 Wes, 1 zi 1~ts, 1,yi, -1 NOW all
surviving portals in 7 are ~-equivalent to s,z ~~ t,y, and s;, x; ~ t;, y; still survives.

We iterate this step until all surviving portals are ~-equivalent to s,z ~~ t,y. We made
sure that at least one portal was still surviving after each step, hence in the end the sequence
010 is not blocking for A. <

<

D.2 Proof of Lemma 4.18
We show the following statement.

» Lemma 4.18. If there exist P = s,x ~~ t,y and oy, o, satisfying properties P1, P2 and
P3 then L(A) is hard.

» Lemma D.3. Let m = sg, 20 ~ to, Yo —= - - - S¢, g ~ tg, ys be an accepting SCC-path, and
leti€ {0,...,0}. Let oy = (n) :ub),...,(nk :ul) a sequence such that (o) > m) < i and
N eN.

Then there is a word w' of length at most (3|A]> + |A|)(k + 1) + N(2p? + p)k|A| +

pN Ele |ul| such that |w!'| = x; — xo (mod p), there is a run reading w' from sq to s; in A,
and (zo : w) contains N times (nt : u}), ..., N times (n} : ul) as disjoint factors, in that
order.

Proof. We define w! by induction on k. As 7 is accepting, by definition £(7) # ), and thus
for all j € {0,...,¢} there exists a word of length y; — z; (mod p) labelling a path from
s; to t;. By Fact 2.4, there is such a word v; of length at most 3|.4|>. As a result, for all
z €{0,...,0} we can form a word w, = voaiv - - - a,, of length at most 3|.A|> +|.A|, labelling
a path of length . (mod p) from ¢ to s, in A. If k = 0, we can simply set w' = w;.

Let k > 0, suppose the lemma holds for k — 1. Let j = ((ny : u}) > 7). As ((ng :
ut) > 7) < (07 > ™) < i, we have j < i. By definition, (n; : u}) is not blocking for
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8j4+1, Tj41 ~ tj+1,Yj+1. As a consequence, there is a word v; labelling a path from s; to ¢;
such that (z; : v;) has (ny : u}) as a factor. We can remove cycles of length 0 (mod p) in that
path, before and after reading (z; : v;), so we can assume that |v;| < |u}|+2p|A|. Ass; and t;
are in the same SCC, we can extend v; into a word v} of length < |v;|+]A| < |uf|+(2p+1)|A]|
that labels a cycle from s; to itself.

/ Lol L.l r_ dit2
Let 0/ = (ny :ug),...,(ng 1 uy) and @ = sj41,Tj41 ~ 41, Yj41 —— -+ Se, Tp ~ te, Yo

By definition, we have (¢/ > ') = (6; > 7) < i. By induction hypothesis, there is a word
w’ of length < (3| A|> + | A|)k + N (2p* + p)(k — 1)|A| + pN Zi.:ll |u;| such that |w'| = z; —z;
(mod p), there is a run reading w’ from s; to s; in A, and (z; : w) contains N times (nb : ub),
.y N times (n}, : u}) as disjoint factors, in that order.

We set w! = w;(v})PNw'. This word has length 2; (mod p), and at most w;| + pN|v}| +
[w'] < 3JAP + |A| + pN([ui| + (2p + 1)IA]) + [w'| < BJAP + [A])(k +1) + N (2p® +p)k|A| +

pN Zle |ul|. Tt labels a path from sg to s;, and contains N times (n! : u}), ..., N times

(nk : u}) as disjoint factors, in that order. <
» Lemma D.4. Let m = 5o, o ~ to, Yo — - - S, ¢ ~ g, ye be an accepting SCC-path, and
letie€{0,...,0}. Let o, = (n] : uj),...,(n} : u},) a sequence such that (m < o,) > i and
N eN.

Then there is a word w" of length at most (3|A]* + |A|)(k + 1) + N(2p? + p)k|A| +
pN Zle [ul| such that |lw"| = ye —y; (mod p), there is a run reading w” from t; to t; in A,

and (y; : w") contains N times (nj : ui), ..., N times (n}, : uy,) as disjoint factors, in that
order.
Proof. By a proof symmetric to the one of the previous lemma. <

Given a sequence o, define ||o|| as the sum of the lengths of the terms of o.

Proof of Lemma 4.18. A direct consequence of properties P1 and P3 is that for all (n’ : '),
oi(n' : v')o, is blocking for A if, and only if (n’ : u') is blocking for P.

The proof goes as follows: we show that we can turn an algorithm testing £(.A) with f(e)
samples into an algorithm testing £(P) with f(e/X) samples with X a constant. We then
apply Theorem 3.7 to obtain the lower bound.

Consider an algorithm testing £(A) with f(e) samples for some function f. We describe
an algorithm for testing £(P). Say we are given a threshold € and a word v of length n. First
of all we can apply Lemmas D.3 and D.4 to compute two words w' and w” of length at most
E + enF for some constants E and F such that we can read w' from gy to s and w” from ¢
to ¢ and w; contains each element of o; at least en times and w, contains each element of

o, at least en times. Let w = wl'vw”. Suppose |v| > M and d(v, L(P)) < 4o0.

If v € L(A) then clearly w € L(A).

If d(v, L(P)) > en then by Lemma A.3 (in light of Lemma C.1), (z : v) contains at least
ﬁ blocking factors for P. Then we have that w contains at least ﬁ disjoint
blocking sequences for A. As a result, d(w, L(A)) > ﬁ. We divide this by the length
of w, which is at most 2E + 2Fen 4+ n. We obtain that d(w, L(A)) > &|w| for some
constant X.

Let us now describe the algorithm for testing £(P).

If £L(P)NX"™ = () then we reject.

If |v] < M then we read v entirely and check that it is in L(P).
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If v € L(P) then we apply our algorithm for testing £(.A) on w = w!

-
e =%.

vw” with parameter

The number of samples used on v is at most the number of samples needed on w, hence
f(e/X). We obtain a procedure to test L(P) using f(¢/X) samples. By Lemma C.1, L(P)
is recognised by a strongly connected automaton. Furthermore by P2, P has infinitely many

blocking factors. By Theorem 3.7, f(¢/X) = Q(log(e~!)/¢), hence f(e) = Q(log(e~1)/e).

This concludes our proof. |

E Trivial and easy languages

E.1 Proof of Lemma 5.1

» Lemma 5.1. If A has finitely many minimal blocking sequences, then there is a tester for

L(A) using O(1/e) queries.

Proof. Let us start by proving that a word that is e-far from £(A) must contain many times

some minimal blocking sequence o. We first check whether A contains a word of length n.

If not, we reject, and otherwise, the distance between p and L£(A) is finite. Therefore, by
Lemma 4.11, if u is e-far from L£(A), then p contains N = Q(en) disjoint blocking sequences,
organised as stated in the lemma. We can extract from each group of |A| such blocking
sequence a minimal blocking sequence, hence p contains at least N disjoint occurrences
of minimal blocking sequences. By pigeonhole principle, there exists a minimal blocking
sequence o such that p contains N/P = Q(en) disjoint occurrences of o.

If || < £ then we read p entirely, and accept iff it is in £(A): this uses O(1/e) queries.

Otherwise, for each minimal blocking sequence o, we sample uniformly at random O(1/¢)
intervals of length K in u. We reject if we find |.A| disjoint occurrences of o. If we have gone
through every minimal blocking sequence without rejecting, we accept.

If uw € L(A), then by Lemma C.4 it cannot contain |.4] disjoint blocking sequences, hence
the algorithm will accept.

If the word is e-far from £(.A) (but within a finite distance), then there exists a minimal
blocking sequence o such that p contains Q(en) disjoint occurrences of o. By sampling
O(1/e) factors of length K at random, we have a probability bounded away from zero of
finding |Q)| of those occurrences, and subsequently rejecting p.

We can iterate this procedure a constant number of times to obtain a procedure using
O(%) samples that accepts every word in the language and rejects with probability at least
1/2 words that are e-far from the language. <

E.2 Proof of Lemma 5.3
» Lemma 5.3. MBS(A) is empty if and only if L = L(A) is trivial.
We prove the two directions separately.

» Lemma E.1. If MBS(A) is empty, then L = L(A) is trivial in the sense of Definition 5.2.

Proof. We showed in Lemma 4.11 that if y is long enough and e-far from L, then p contains
Q(en) disjoint blocking sequences for A. As there are no blocking sequences for A, long
enough words cannot be e-far from L, hence it is trivial in the sense of Definition 5.2. <«

Alon et al. [5] show that if a language is non-trivial (in their sense), then testing it requires
2(1/e) queries for small enough € > 0. To finish our characterization of trivial languages, we
show that if MBS(.A) is not empty, then L = £(.A) is non-trivial in the sense of Alon.
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» Lemma E.2. Let A be a trim NFA such that L = L(A) is infinite. If A admits a blocking
sequence, then there exists g > 0, such that for infinitely many n there exist words in
L(A)NE™ and there exists w € ™ such that d(w, L(A)) > eon

Proof. Let 0 = (u1, ..., pux) be a blocking sequence for A, and let C' be the maximum length
of a u;’s. As L is infinite, there exists an SCC-path 7 in A and w € L(x) with |w| > | A|. By
Corollary C.3, for all sufficiently large ¢ such that £ = |w| (mod p), there exists w’ € L(r)
with |w'| = £.

For alli=1,...,k, let v; be a shortest word of the form (0 : v;) and of length ¢; equal to
0 modulo p, such that p; is a factor of v;. By minimality, ¢; is at most C' + 2p. Then, for
any integer N € N, let wy = vi¥ - - V,JCV(O : a'“"), where a is an arbitrary letter.

As wy is of length |w| (mod p), there is a word of the same length in £(A), i.e. L{(A)NE"
is nonempty. On the other hand, it contains IV disjoint occurrences of ¢, which is a blocking
sequence for A. Therefore, the distance between wy and A is at least N — |A|. Furthermore,
the length of wy is less than |w| + N(C + 2p). Therefore, if we let ¢g = C++p+w’ then for
N > 2| A|, we have eg|lwny| < N — |A| < d(wy, L(A)), i.e. wy is e-far from L. <

F Complexity proofs

In this section we prove Theorem 6.4:

» Theorem 6.4. The triviality, easiness and hardness problems are all PSPACE-complete,
even for strongly connected NFAs.

In Appendix F.1 we show the PSPACE upper bounds on the hardness and triviality
problems (Propositions F.7 and F.9). The upper bound on the easiness problem follows
immediately, as the three properties form a trichotomy.

In Appendix F.2, we show that all three problems are PSPACE-hard (Lemma F.11 and
Corollary F.13).

F.1 A PSPACE upper-bound
F.1.1 Testing hardness

A naive algorithm to check hardness of a language £(.A) would be to construct an automaton
recognising blocking sequences of £(A). However, there are subtleties in the construction
due to the fact that the number of SCC-paths can be exponential in the |.4]. For instance,
an automaton computing the set of left effects of a given sequence on SCC-paths of A would
be doubly exponential. This would a priori not give a PSPACE algorithm, since we obtain a
doubly-exponential state space.

We choose to prove another characterisation of automata with hard languages, which
straightforwardly gives a recursive PSPACE algorithm to test it.

» Lemma F.1. Let m = sq, 20 ~ to, Yo —= - Sp, T¢ ~> te,ye be an SCC-path, i an index,
IT a set of SCC-paths and (04 )ren a family of sequences of positional words such that
(op > m) <i forall @.

There exists a sequence of positional words o such that:

(o>m)<i
(o > ') < (0>7') for all 7’ € 11.
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Proof. We prove this by induction on the sum of the lengths of the elements of II. If I is
empty then we can set ¢ as the empty sequence.

If not, let 7, be such that the first term of o, ., has the least left effect on 7. Let
Crin = (M1 1 wt),yeve, (g 1 ug) and T = 8b,al ~ th, Yy — -+ sh, @) ~ t),y,. Let
J=((n1:u1) > Tmin) and r = ((n1 : ug) > m).

Let /' = s/, 2l ~ 1 1, Y5 sy @y~ th, yy. Define I =TT\ {mmin } U {7’} if
j<f€and II' = I\ {mmin} otherwise. In the first case the sequence associated with 7' is

Op/ = (TLQ : UQ>,. cey (nk : ’U,k)

> Claim F.2. For all # € II\ {mmnin}, we have (o7 > 7) = r + (07 > Sp41,Tpp1 ~
ar
t’l‘+17y’r+1 i> c Sk, T tkayk)

Proof. Since the first term of o,- was the one with the least left effect on 7, the first term of
every other sequence has a left effect at least r on it.

Let T € IT\ {mmin}, let ox = (M1 : @), .., M : Um). Let 2 = (W1 : @) > 7). This
means (727 : Up) is not a blocking factor for s,41,Z.41 ~ top1, Yot1-

We have (o7 > 7) = 24+ (M2 : T2),..., Mm : Tm) > S41,To41 ~ toi1, Yotr1) and
Qr — — — —
(07 Spi1, Trg1 ~ bty Yl ———) =2 — 1+ (A2 2 W), .-, (A Uin) > S2g1, Ta1 ~

toa1,Yor1) = (o7 >7) — 1
<

As a consequence of this claim, we have that (o7 > $,41, %41 ~ tra1, Yril driz,
Sk Tk~ b, yk) <4 —r forall T € IT\ {7’}
By induction hypothesis, we obtain a sequence ¢’ such that

(T>> Spi1, Trg1 ~ brg1, Y1 — = S0, ~ to,ye) <i—7
(o > 7)< (0! > ') for all 7’ € IT'.

The sequence (ng : u1), 0’ satisfies both conditions of the lemma. |

» Lemma F.3. An automaton A is hard if and only if there exists an accepting SCC-path ©
containing a portal s,x ~~ t,y such that:

s,x ~ t,y has infinitely many minimal blocking factors.
For all accepting SCC-path m' there exist sequences o',0" such that:

5,2~ t,y survives (o',0") in
All portals surviving (a',0") in 7 are ~-equivalent to s,z ~ t,y

Proof. Let us start with the left-to-right direction. If A is hard then by Lemma 5.1 it
has infinitely many minimal blocking sequences. Then by Lemma 4.17 we have a portal
s,z ~» t,y and sequences o', 0" satisfying properties P1, P2 and P3.

By P1, ¢'o” is not blocking for A, thus there exists an SCC-path 7 = sg, 2g ~ to, Yo —
-8k, Tk ~ tg, Y, and an index 7 such that (¢! > 7) <i < (7 < o").

As a consequence, we have s;,x; ~ t;,y; ~ s,z ~ t,y, by P3. We can assume without
loss of generality that s;,z; ~ t;,y; = s,x ~» t,y. As a result, for all accepting SCC-path

.6") in 7 and all portals surviving (o!,0") in 7’ are

7’ we have that s,z ~ t,y survives (o
~-equivalent to s,z ~ t,y (we use the same pair (o', 0") for all 7/).
Let us now prove the other direction. Suppose we have 7w and s,z ~~ t,y satisfying the

! " such that properties

conditions of the lemma. We only need to construct two sequences o
P1 and P3 are satisfied. The result follows by Lemma 4.18.
Let II be the set of accepting SCC-paths in A. Consider families of sequences (ol,) e

and (o%,)ren such that for all 7’ € II:

35



36

1350

1351

1352

1353

1354

1355

1356

1357

1358

1359

1360

1361

1362

1363

1364

1365

1366

1367

1368

1369

1370

1371

1372

1373

1374

1375

1376

1377

1378

1379

1380

1381

1382

1383

1384

1385

1386

1387

1388

1389

The Trichotomy of Regular Property Testing

s,x ~ t,y survives (ol,,07,) in 7
All portals surviving (ol,,07,) in ' are ~-equivalent to s,z ~~ ¢,y

Let i be the index of s,z ~» ¢,y in 7. By Lemma F.1 we can build a sequence o' such
that

(ol > 7)<
(b, > 7'") < (ot > 7') for all o’ € 11

Using a symmetric argument, we build a sequence ¢” such that

i< (m<oh)
(r" < ol,) > (r" <o) for all ' € II.

As a consequence, for all accepting SCC-path 7’ € 11, all portals surviving (¢!,0") in 7’/
are ~-equivalent to s,z ~» t,y. Furthermore, s,z ~ t,y survives (o', o") in 7.

We have shown that s,z ~ ¢,y and (o', 0") satisfy properties P1 and P3. P2 is immediate
by assumption. We simply apply Lemma 4.18 to obtain the result. <

Next, we establish that the items listed in the previous lemma can all be checked in
polynomial space in |A]|.

» Lemma F.4. Given a portal P, we can check whether it has infinitely many minimal
blocking factors in space polynomial in |A|.

Proof. Recall that, by Lemma C.1, L = £(P) is recognized by a strongly connected auto-
maton A" with at most p|A| states. While this number may be exponential in |A|, the
transition function of A’ can be computed in polynomial space from the polynomial-sized
representation of a state. Furthermore, the same property holds for the construction used in
Lemma A.5, as in the determinization step, all states share the index modulo p.

We then simply need to check if the resulting automaton has an infinite language, which
is the case if and only if it has a cycle reachable from the initial state and from which a final
state is reachable. This can be checked by exploring the state space of the automaton, in
non-deterministic polynomial space (in |A|), and applying Savitch’s theorem. <

» Lemma F.5. Given two SCC-paths w and 7', one can check in PSPACE whether there is a
sequence o that is blocking for m and not 7'.

Proof. We prove an intermediate result that yields a recursive PSPACE algorithm.

> Claim F.6. There is a sequence o that is blocking for m = sq, zg ~ to, Yo ETN ce Sk, Tp ~

i,y and not ' = s{, zy ~> ), Yo REN - 8y, &y ~ th,y, if and only if either:
there is a positional word (n : w) that is a blocking factor for sg,xzg ~ to,yo and
not sh, zh ~ th,yh and there is a sequence o’ that is blocking for sy, z; ~ t1,y1 —
S, T ~ g, Y and not 7',
or there is a positional word (n : w) that is a blocking factor for sg, zg ~> to, yo and sg, T ~
t), yh and there is a sequence o’ that is blocking for s1, 21 ~ t1,y1 —= - - - 8k, Tk ~ L, Yk

and not &, @} ~ 1,1y} 25 - s}, 1 ~ ), ).
Proof. The right-to-left direction is clear (just take o = (n : w), o’ in both cases).

For the left-to-right direction, consider a sequence o that is blocking for © and not «’, of
minimal length. Let o4 and (n : w) be such that o = (n: w)oy.
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If (n : w) is not blocking for sg,x9 ~ to,yo then o is blocking for m and not 7,
contradicting the minimality of o.

If (n: w) is blocking for sg, zg ~> to, yo and not sy, x(, ~ t, y, then we set o/ = o. We
know that o is not blocking for #’. On the other hand, as o is blocking for =, it is also
blocking for sy, x1 ~ t1, 41 22, c Sk T~ T Y-

If (n : w) is blocking for both sg,xo ~ to,yo and sy, xf ~ 4, yo then we set o/ = o.

As o is blocking for =, it is also blocking for si,z1 ~ t1,y1 — -+ - S, Tp ~ tg, yp. On

the other hand, if o was blocking for s{,z} ~ 1, v} RN sy, Ty ~ 1), y;, then it would

’

. . . . . a
also be blocking for 7/, a contradiction. Hence o is not blocking for s}, z} ~ ],y —
/ ! /! /
S 8p, Ty tfﬂyé

The claim above lets us define a recursive algorithm.

First check if there is a positional word (n : w) that is blocking for sg, zg ~ to,yo and
not sg, x ~ tg, yo- If it is the case, make a recursive call to check if there is a sequence
o’ that is blocking for si, @y ~ t1,y1 — - Sg, Tr ~ g, yx and not «’. If it is the case,
answer yes.

Then check if there is a positional word (n : w) that is a blocking factor for sg,zo ~ to, Yo
and s, x| ~ t(, y(- If so, make a recursive call to check if there is a sequence o’ that is
blocking for s1, @1 ~ t1, Y1 —25 -+ - 8k, T ~> tg, Yx and not s}, ) ~ th,y} L2, STy
t,y,. If it is the case, answer yes.

If both items fail, answer no.

The existence of those positional words can be checked in polynomial space using the
automaton B constructed in the proof of Lemma F.4. The depth of the recursive calls is at
most the sum of the lengths of 7 and 7/, which is bounded by 2|.A|. In consequence, this
algorithm runs in polynomial space.

<

» Proposition F.7. The hardness problem is in PSPACE.

Proof. We use Lemma F.3. We guess an SCC-path m = sg, xg ~ g, Yo A S T~ T, Yk
and an index 3.

We check that s;, x; ~» t;, y; has infinitely many minimal blocking factors, using Lemma F.4.

’
. a
We then enumerate all SCC-paths in A. For each one 7/ = s{), x{), ~ t{, yo — « - ), ) ~

t),y, we guess indices j! and j". We check that every portal sty ~ 1, y; with gt<j<ir
is ~-equivalent to s,z ~ t,y.
Then, we use Lemma F.5 to check that there is a sequence ¢! that is blocking for

o ro,r % / / / / a1
S0y Lo WthyO ? "'Sjlvl.jl Wtjlvyjl and not S0, Lo Wto;yo 78, T4 Wthyz
Symmetrically, we check that there is a sequence ¢” that is blocking for sgr,x;r ~
’
/ r % ’oa oo dit1
th'aij' — Sy Tyt Yy and not s;, z; ~ i, yi —— Sk, T ~ Loy Ypoo

If all those tests succeed, we answer yes, otherwise we answer no. This algorithm is
correct and complete by Lemma F.3. <

37



38

1429

1430

1431

1432

1433

1434

1435

1436

1437

1438

1439

1440

1441

1442

1443

1444

1445

1446

1447

1448

1449

1450

1451

1452

1453

1454

1455

1456

1457

1458

1459

1460

1461

1462

1463

1464

1465

1466

1467

The Trichotomy of Regular Property Testing

F.1.2 Testing triviality

We show the PSPACE upper bound on the complexity of checking if a language is trivial.
It is based on the characterisation of trivial languages given by Lemma 5.3, and uses the
following result.

» Lemma F.8. Given a portal P, we can check whether it has a blocking factor in space
polynomial in |Al.

Proof. We proceed as in the proof of Lemma F.4, except that we only need to check whether
some final state is reachable from the initial state. |

» Proposition F.9. The triviality problem is in PSPACE.
Proof. Recall that £(.A) is trivial if and only if .4 has no blocking sequences.

> Claim F.10. A has a blocking sequence if and only if for all accepting SCC-path 7 of A,
every portal in 7 has a blocking factor.

Proof. If A has a blocking sequence then by definition it is blocking for all accepting SCC-
paths, and thus contains blocking factors for all portals along those SCC-paths.

Suppose that every portal 7 of every accepting SCC-path has a blocking factor. Then by
taking the sequence of those blocking factors we obtain a blocking sequence for m. Then,
since there are finitely many accepting SCC-paths, we can concatenate all those sequences to
obtain a sequence that is blocking for all accepting SCC-paths. By definition, that sequence
is blocking for A. <

Therefore, it suffices to enumerate all accepting SCC-paths 7 in the automaton, and then
check whether all portals in 7 have at least one blocking factor, using Lemma F.8. |

F.2 Hardness of classifying automata

We prove hardness of the triviality problem and easiness problems, concluding on their
PSPACE-completeness. We reduce from the universality problem for NFAs, which is well-
known to be PSPACE-complete (see e.g. [1, Theorem 10.14]).

» Lemma F.11. The triviality and hardness problems are PSPACE-hard.

Proof. Consider an NFA A = (Q, X, 4§, qo, F'). Without loss of generality, we assume that
A is trim (up to removing unreachable or non-co-reachable states) and that it accepts all
words of length less than 2: this can be checked in polynomial time and does not affect the
PSPACE-hardness of universality. Let # and ! be two letters that are not in 3. We apply
the following transformations to .A:

add a transition labeled by ! from every final state to the initial state qg
add a self-loop labeled by # to each state.

We call the resulting automaton B = (Q, X U {!,#},d,qo, F). Note that B is strongly
connected: consider any two states q,q" € @), we show that ¢’ is reachable from ¢. As A is
trim, there exists ¢y € F' that is reachable from ¢, and ¢ is reachable from the initial state
¢o. Furthermore, we have put a ! transition from ¢y to go, hence ¢’ is reachable from g.

As A is strongly connected, it is easy to check that its set of minimal blocking sequences
is exactly its set of minimal blocking factors.
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Therefore the language of a strongly connected automaton is trivial if and only if it has
no minimal blocking factor, and hard if and only if it has infinitely many minimal blocking
factors. To complete the proof, we show that MBF(B) is empty when A is universal and
infinite otherwise.

First, let us describe the language recognized by B. It is given by

L(B) = {urlug! - lun [ Vi,u; € (BU{#})" A me(ui) € L(A)},
where 75 (u) is the word in ¥* obtained by removing all # from w.
> Claim F.12. If A is universal, then B is also universal.

Proof. Indeed, any word in w in ¥ U {#,!} can be decomposed into u = ujlus! - -lu,, where
each u; does not contain the letter “!”. As # is idempotent on B, §'(go,w;) is equal to
d(qo, ms:(u;)) for every 4. Since A is universal, each of the §(go, u;) contains a final state, and
thus u; € L(A).

By the description of £(B) given above, we have u € B. N

This shows that if A is universal, then so is B and thus MBF(B) is empty.

Now we show that a word w € ¥* not in £(A) induces infinitely many minimal blocking
factors for B. Consider such a w of minimal size. As we assumed that A accepts all words of
size less than 2, |w| > 2. Let u,v be words of length at least 1 such that w = uwv. For all
n € N, at least one of u#"™v, lu#"v, u#™v!, lu#"v! is a minimal blocking factor (depending
respectively on whether w is not a factor of any word of £(.A) or is a prefix/suffix of a word
of L(A) or not). As a consequence, B has infinitely many blocking factors, and is thus hard
to test by Theorem 3.2.

In summary, A is universal if and only if B is trivial to test, and A is not universal if and
only if B is hard to test. This shows the PSPACE-hardness of both the triviality problem
and the hardness problem. <

The above proof can be extended to show the PSPACE-hardness of the easiness problem.
» Corollary F.13. The easiness problem is PSPACE-hard.

Proof. We proceed as in the proof of Lemma F.11: given an automaton 4 over an alphabet
Y, we build an automaton B over the alphabet ¥ U {!, #} such that if A is universal, MBF(B)
is empty, and if A is not universal, then MBF(B) is infinite.

To show the hardness of the easiness problem, let b denote a new letter not in ¥ U {#,!}
and consider the automaton B’ equal to B but taken over the alphabet ¥ U {#,!,b}. As
there are no transitions labeled by b in B’, the word b is always a minimum blocking factor
of B'. As a result, we have MBF(B’) = MBF(B) U {b}, hence A is universal if and only if
MBF(B’) is finite but non-empty: by Theorem 3.2, this is equivalent to £(B’) is easy to test.
Therefore, the easiness problem is also PSPACE-hard. <

This concludes the proof of Theorem 6.4
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