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——— Abstract

Property testing is concerned with the design of algorithms making sublinear number of queries
to distinguish whether the input satisfies a given property or is far from having this property. A
seminal paper of Alon, Krivelevich, Newman, and Szegedy in 2001 introduced property testing of
formal languages: the goal is to determine whether an input word belongs to a given language, or
is far from any word in that language. They constructed the first property testing algorithm for
the class of all regular languages. This opened a line of work with improved complexity results and
applications to streaming algorithms. In this work, we show a trichotomy result: the class of regular
languages can be divided into three classes, each associated with a query complexity. Our analysis
yields effective characterizations for all three classes using so-called minimal blocking sequences,
reasoning directly and combinatorially on automata.

2012 ACM Subject Classification Theory of computation — Regular languages

Keywords and phrases property testing, regular languages

1 Introduction

Property testing was defined by Goldreich, Goldwasser, and Ron [14] in 1998: it is the study
of very fast randomized approximate decision procedures on huge objects, where very fast
typically means sublinear; the algorithm does not even scan the whole input. A very active
branch of property testing focuses on graph properties, for instance one can test whether a
given graph appears as a subgraph [3] or as an induced subgraph [4], and more generally every
monotone graph property can be tested with one-sided error [6]. Other families of objects
heavily studied under this algorithmic paradigm include probabilistic distributions [19, 9]
combined with privacy constraints [2], numerical functions [8, 20], and programs [11, 10].
We refer to the book of Goldreich [13] for an overview of the field of property testing.

In this paper we continue the line of work initiated by Alon, Krivelevich, Newman, and
Szegedy [5] which studies property testing of formal languages: given a language L (a set of
finite words), the goal is to determine whether an input word « belongs to the language or is
e-far from it, where € is the precision parameter. We assume random access to the input
word: a query specifies a position in the word and asks for the letter in this position. To
measure the distance of a word to a language we assume a metric over words; two natural
choices include the Hamming distance (the number of positions at which two words differ) or
the edit distance (the number of edits to transform one word into the other one). The seminal
paper [5] showed a surprising result: all regular languages (meaning, languages recognised
by deterministic finite automata) are testable with O(log®(¢~')/e) queries, where the O(-)
notation hides constants that depend on the language, but, crucially, not on the length of
the input word.

A series of papers built upon this work, improving the query complexity (i.e. the number
of queries). The original paper [5] identified the class of trivial regular languages, those
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for which the answer is always yes or always no for large enough n, and showed that
testing membership in a non-trivial regular language requires (1/¢) queries. Building upon
their work, Magniez and de Rougemont [18] extended their result by giving a tester using
O(log?(e=1)/¢) queries for the edit distance with moves, and Francois et al. [12] gave a tester
using O(1/2) queries for the case of the weighted edit distance. More recently, Bathie and
Starikovskaya [7] gave a tester for the edit distance using O(log(e¢~!)/¢e) queries, and showed
that there exists a hard regular language that cannot be tested with asymptotically fewer
queries. However, there exist easy regular languages that can be tested with O(1/e) queries.
These results raise the following questions:

1. are there regular languages with a query complexity different from asymptotically 0,

O(1/e) and O(log(e~ 1) /e)?

2. is there a combinatorial and effective characterization of the languages in each class?

In this work, we answer both questions almost completely: we show a trichotomy the-
orem that classifies all regular languages in one of the three classes: trivial (asymptotically
0 queries!), easy (©(1/¢) queries), and hard (Q(log(e~1)/e) queries). In the case of lan-
guages recognised by strongly connected NFAs, we even provide a matching upper bound
of O(log(¢71)/¢) for all languages. Our characterization of the three classes relies on the
combinatorial notion of minimal blocking factors (and sequences).

We can therefore ask the meta-question: can we determine whether a given regular
language is trivial, easy, or hard? Answering this question has practical motivations:
determining to which class the language belongs enables choosing the appropriate most
efficient property testing algorithm. We show that the meta-question is complete for the
complexity class PSPACE (Turing machines working in polynomial space).

2  Overview of the paper

In this overview we assume familiarity with classical notions; all definitions can be found in
Section 3. Let us start with the notion of a property tester for a language L: the goal is to
determine whether an input word u belongs to the language L, or whether it is e-far from it.
We say that u of length n is e-far from L with respect to a metric d over words if all words
v € L satisfy d(u,v) > en, written d(u, L) > en. Throughout this work and unless explicitly
stated otherwise, we will consider the case where d is the Hamming distance, defined for two
words u and v as the number of positions at which they differ if they have the same length,
and as 400 otherwise. In that case, d(u, L) > en means that one cannot change a proportion
¢ of the letters in u to obtain a word in L. We assume random access to the input word: a
query specifies a position in the word and asks for the letter in this position.

» Definition 2.1. A property tester for the language L and precision € is a randomized
algorithm T that, for any input u of length n, given random access to u, satisfies the following
properties:

if u € L, then T(u) = 1, (1)
if u is e-far from L, then P (T(u) =0) > 2/3. (2)

! By asymptotically O queries, we mean that for every small enough € > 0, for large enough n, the answer
is either yes for all words of length n or no for all, and only depends on n, thus the algorithm does not
need to query the input word.
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The query complexity of T is a function of n and € that counts the maximum number of letters
of the input that T reads over all inputs of length n and over all possible random choices. In
this paper we are interested in property testers whose query complexity is independent of n,
and only depends on .

More precisely, the definition of property testers given above is called “property testers
with perfect completeness”: they always accept positive instances. Because they are based
on the notion of blocking factors that we will discuss below, all known testers for regular
languages [5, 18, 12, 7] have perfect completeness.

We say that a tester is non-adaptive if the index of a query does not depend on the result
of previous queries. Alternatively, a non-adaptive tester can be understood as an algorithm
that first sends the index of all of its queries, receives the result of all the queries, and then
returns its output.

Infinite languages

Let us make a trivial observation: if L is finite, meaning that it contains finitely many words,
then it is trivial. Let N denote the maximum length of a word in L: as L is finite, IV is also
finite. We can test L as follows: if the input has length less than N, query all of it and check
whether it is one of the finitely many words of L and answer accordingly. Otherwise, if the
length of the input is greater than N, answer no. This tester makes no queries for n > N,
hence L is trivial. For this reason, we only consider infinite languages L; this will make some
technical statements nicer.

Easy languages

Let us consider the language Ly = a* consisting of words containing only a’s, over the
alphabet {a, b}. For a word u € {a,b}*, the distance d(u, L) is the number of b’s in u. Here is
a very simple property tester for Lq: given a word of length n, sample 1/¢ letters at random
and answer no if we find a b, and yes otherwise. If u € Ly, it contains no b to the algorithm
returns yes, and if u is e-far from L;, then each sample has probability at least € to be a b,
and thus we will find a b with constant probability. One can easily show that 1/e is a lower
bound on the number of samples to get a property tester for Li; we say that Lq is easy:

» Definition 2.2. We say that L is easy if for small enough ¢ > 0, the optimal query
complexity for a property tester for L is ©(1/¢).

Blocking factors

Extrapolating from the example Lj, let us introduce the notion of blocking factors (also
known as killing words [17]): a word v is a blocking factor for L if it cannot appear as a
factor of a word in L. For instance, b is a blocking factor for L;. Note that bb and bbb are
also blocking factors, but b is a minimal blocking factor (there are no strict factors of b
that are blocking factors). Blocking factors were introduced in the original work giving a
property tester for all regular languages [5]. A key insight of our work is to focus on minimal
blocking factors. One important although simple property we will use is that if L is a regular
language, then the set of minimal blocking factors of L is also a regular language.

It turns out that all property testers will be based on extensions of this very simple idea:
we sample a number of positions in the word looking for blocking factors and answer no if
we find a blocking factor, and yes otherwise. To be more precise, the analysis above for L,
rests on the following property:
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If w is e-far from Lq, then it contains at least en disjoint minimal blocking factors.

We will show later that this property can be extended to all regular languages.

Trivial languages

At this point we can revisit the class of trivial languages identified in [5]:

» Definition 2.3. We say that L is trivial if for all small enough € > 0, there exists a
property tester for L that makes 0 queries for all large enough n.

An example of a trivial language is Lo consisting of words containing at least one a over the
alphabet {a,b}. For any word u, replacing any letter by a yields a word in Lo, so d(u, La) < 1.
A trivial property tester for Lo simply answers yes all the time. One of our contributions in
this work is a characterization of the trivial languages identified by Alon et al. [5].

» Lemma 2.4. A regular language L is trivial if and only if it has no (minimal) blocking
factors.

Period and positional words

Let us now consider the language L3 = (ab)* consisting of words of the form ab-ab-ab---ab
over the alphabet {a,b}. Generalizing the ideas used for the analysis of Ly, a very simple
property tester for Lz goes as follows: given a word of length n, sample 1/ pairs of letters
from a random even position and answer no if we find anything else than ab, and yes otherwise.
There are two new difficulties: we need to consider factors of length 2, and we want them
to start at even positions. The arguments above are naturally extended to prove that this
property tester has query complexity O(1/e), and that this is asymptotically tight.

What this example shows is that instead of consider words we will need to consider
positional words, which additionally encode information about the position. In the case
of L3, we need to distinguish between even and odd positions, so the word abab is better
represented as (0,a)(1,)(0,a)(1,b), where the first index denotes the parity of the position.
More generally, we can associate to each regular language a period, and work with positional
words encoding the position modulo this period. The notion of blocking factors is naturally
extended to positional words, for instance (0,a)(1,a) is a blocking factor, but (1,5)(0, a) is
not.

Almost characterizing easy languages

Generalizing the ideas presented above, one can prove the following lemma:

» Lemma 2.5. Let L be a regular language. If there are finitely many minimal blocking
factors for L, then L is easy.

Indeed, in that case there is an upper bound ¢ on the length of minimal blocking factors,
which depends only on L. We construct a property tester as follows: we sample 1/e factors
of length ¢ and answer no if we find a blocking factor, and yes otherwise. One can prove that
this yields a property tester with query complexity O(1/¢). Unfortunately, this is not quite
a characterization: the converse implication does not hold, let us explain why using another
example.
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Blocking sequences

Let us now consider the language L, consisting of words such that there are no c after a
b over the alphabet {a,b,c}. The minimal blocking factors are of the form ba™c for n > 0,
so there are infinitely many, the above argument above does not apply to this language.
However, Ly is easy: let us construct a property tester. We sample 1 /e letters at random
and answer no if the sample contains a c after a b, and yes otherwise. To prove that this
yields a property tester, we rely on the following property:

If u is e-far from L4, then it can be decomposed u = ujus where uq contains at least
en letters b and uy contains at least en letters c.

What this example shows is that blocking factors are not enough: we need to consider
sequences of factors, yielding the notion of blocking sequences. Intuitively, a blocking
sequence for L is a sequence of (positional) words such that if the sequence appears as factors
of some word u then u ¢ L. For L4, the minimal blocking sequence is (b, ¢).

Getting back to the almost characterization of easy languages sketched above, we will
prove that L is easy if and only if there are finitely many minimal blocking sequences for L.
The structure of the proof follows the original paper [5], considering first the case where L is
recognised by a strongly connected automaton, and then extending it to the general case.
Along the way, we will show that if L is recognised by a strongly connected automaton,
then the characterization above holds: L is easy if and only there are finitely many minimal
blocking factors for L. Introducing blocking sequences is necessary to deal with automata
with more than one strongly connected component.

Hard languages

The remaining case is languages L which have infinitely many minimal blocking sequences.
Let us illustrate this case on an example. We start from the parity language P consisting of
words such that there is an even number of b’s, over the alphabet {a,b}. If the goal would
be to distinguish between v € P and u ¢ P, any property tester would require scanning
the whole input word. However, relaxing with the Hamming distance makes the question
different: every word is at distance at most 1 from P by swapping at most one letter, so the
language is trivial. Now, consider Ljs consisting of words such that inbetween each letter
f, there is an even number of b’s, over the alphabet {a,b,f}. Intuitively, Ls encodes an
arbitrary number of parity instances. Bathie and Starikovskaya [7] proved a lower bound of
Q(log(e71)/e) on the query complexity of (non-adaptive) property testers for Ls, matching
the property testing algorithm they constructed for all regular languages.

» Definition 2.6. We say that L is hard if for all small enough € > 0, the optimal query
complexity of a tester for L is Q(log(e™1)/¢).

Inspecting the minimal blocking sequences for L5, we find infinitely many: this is no
coincidence, we will extend Bathie and Starikovskaya’s proof to show that any regular
language with infinitely many minimal blocking sequences is hard.

The trichotomy theorem

Our main technical result is stated below. Recall that the case of finite languages is easy, so
we focus on infinite languages.
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» Theorem 2.7. Let L be an infinite reqular language, let us write MBS(L) for the set of
minimal blocking sequences of L.

L is trivial if and only if MBS(L) is empty;
L is easy if and only if MBS(L) is finite and nonempty;
L is hard if and only if MBS(L) is infinite.

This trichotomy theorem closes a line of work on improving query complexity for property
testers and identifying easier subclasses of regular languages. As mentioned above, the proof
considers first the case where L is recognised by a strongly connected automaton, and then
extends the results to the general case (following [5]):

For the strongly connected case, we extend the ideas from [5] using the framework
of minimal blocking factors, therereby simplifying the exposition, and obtain optimal
property testers for trivial and easy languages, together with matching lower bounds.
Our novel contributions here concern hard languages. First, we construct a property
tester with query complexity O (log(c~!)/e) for all regular languages recognised by a
strongly connected automaton. This is an improvement over the similar result of Bathie
and Starikovskaya [7], which works under the edit distance, while ours is designed for the
Hamming distance. As the edit distance never exceeds the Hamming distance, the set
of words that are e-far with respect to the former is contained in the set of words e-far
for the latter. Therefore, an e-tester for the Hamming distance is also an e-tester for
the edit distance, and our result supersedes and generalizes theirs in the case of strongly
connected automata. Second, we prove a matching lower bound, again inspired by but
strongly generalizing a result from Bathie and Starikovskaya [7], which was for a single
language (L5 discussed above), to all regular languages with infinitely many minimal
blocking factors. We use Yao’s minmax principle [21]: this involves constructing a hard
distribution over inputs, and showing that any deterministic property testing algorithms
cannot distinguish between positive and negative instances against this distribution.

The general case follows a similar outline and builds upon the results in the strongly
connected case. The notion of (minimal) blocking sequences enables smooth yet technical
generalization of most of the results based on blocking factors for strongly connected
automata. The main difficulty is the case of hard languages, and more precisely the lower
bound. The complication here is that it is not enough to consider strongly connected
components in isolation: there exists finite automata which contain a strongly connected
component that induces a hard language, yet the language of the whole automaton is
easy. The case where both are hard also occurs. Our proof defines a notion of “portals”
which allows us to extract “crucial” connected components and show that hardness of

these components imply hardness of the whole language.

The meta-question

Once the trichomoty theorem is established, the natural pending question is whether it
can be made effective: the meta-question is then, given a regular language L, to determine
whether it is trivial, easy, or hard. One could use this procedure to run the appropriate
algorithm. On the positive front, our characterizations are indeed effective, in particular
since for a regular language L, the set of minimal blocking sequences of L is another regular
language, which can be effectively computed. However, we prove that the complexity of
checking whether this set is empty, finite, or infinite (corresponding to the trichotomy), is
PSPACE-complete.
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Outline

The missing definitions are given in Section 3. We treat strongly connected automata
in Section 4, and the general case in Section 5. The complexity of the meta-question is
established in Section 6.

3 Preliminaries

Words and languages.

In this work, we consider a finite set X, the alphabet, whose elements are called letters. Words
over X are finite sequences of letters, and X* (resp. ©7) denotes the set of all words (resp.
nonempty words) over 3. A subset of ¥* is called a language over ¥. The length of a word
u € ¥*, denoted |u|, is the number of letters that it contains, and for ¢ € [0, |u| — 1], we
use u[i] to denote the i-th letter of u. Given two words u,v € ¥*, the concatenation u - v
(more concisely denoted uv) of u and v is the word composed of the letters of u followed by
the letters of v. This operation is associative, hence (¥*,-) is a monoid. Its unique neutral
element, the empty word, is denoted ~.

Given a word u € ¥* and two integers 0 < i, < |u| — 1, define u[i..j] as the word
wl[tluli + 1] ... u[j] if ¢ < j and v otherwise. Further, we let u[i..j) denote the word wu[é..j — 1].
A word w is a factor (resp. prefiz, suffiz) of u is there exist indices 7, j such that w = u[i..j]
(resp. with ¢ = 0,7 = |u| — 1). We use w < u to denote “w is a factor of u”. Furthermore, if
w is a factor of u and w # u, we say that w is a proper factor of w.

Finite automata.

» Definition 3.1 (Nondeterministic Finite automaton). A nondeterministic finite automaton
(NFA) A is a transition system defined by a tuple (Q,X, 0, qo, F'), with Q a finite set of states,
Y a finite alphabet, § : Q x ¥ — 29 the transition function, qo is the initial state and F is
the set of final states.

We say that A is deterministic (resp. complete) if |6(q,a)| <1 (resp. > 1) forallq € Q,a € X.
We say that there is a transition from p € @ to ¢ € @ labeled by w € ¥*, denoted
p = ¢, if there exists states py = p,p1, ... ,Pjw| = ¢ such that for every i = 0,...,|w| -1,
pit1 € 8(pi, w[i]). In this case, we say that g is reachable from p and that p is co-reachable
from q. The language recognized by A, denoted L(.A), is the set of words that label a transition
from the initial state to a final state, i.e.

L(A):{wEE*EquEF:quU%qf}.

We say that an NFA is ¢rim if every state is reachable from the initial state and co-reachable
from some final state. An NFA A can always be converted into a trim NFA that recognizes
the same language by removing the states of 4 that are either not reachable from ¢y or not
co-reachable from any final state.

Property testing.

» Definition 3.2. Let L be a language, let u be a word of length n, let € > 0 be a precision
parameter and let d : ¥* x ¥* — NU {+oo} be a metric. We say that the word u is e-far
from L w.r.t. d if d(u, L) > en, where

d(u,L) := greli d(u,v).
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Throughout this work and unless explicitly stated otherwise, we will consider the case where
d is the Hamming distance, defined for two words v and v as the number of positions at
which they differ if they have the same length, and as +oco otherwise.

Graphs and periodicity.

We now recall tools introduced by Alon et al [5] to deal with periodicity in finite automata.

The period A = A(G) of a graph G is the greatest common divisor of the length of the
cycles in G. If G is acyclic, we set A(G) = oco. Following the work of Alon et al [5], we will
use the following property of directed graphs.

» Fact 3.3 (From [5, Lemma 2.3]). Let G = (V, E) be a nonempty, strongly connected directed
graph with finite period A = A\(G). Then there exists a partition V. = Qo U ... UQx_1 and a
reachability constant p = p(G) that does not exceed 3|V'|? such that:

1. For every 0 <1, < XA —1 and for every u € Q;,v € Q;, the length of any directed path

from u to v in G is equal to (j —i) mod .

2. For every 0 < 4,5 < XA —1, for every u € Q;,v € Q; and for every integer r > p, if

r=(j—1) (mod X), then there exists a directed path from u to v in G of length r.

The sets (Q; : i = 0,...,A — 1) are the periodicity classes of G. In what follows, we will
slightly abuse notation and use @; for arbitrary non-negative integers i to mean Q; (mod x)
when 7 > .

Given a finite automaton A = (Q, 3,0, qo, F'), we can naturally obtain the underlying
directed graph by removing the labels from the transitions: it is the graph G = (Q, F) where
E={(p,q) €Q?|JacX:qed(p,a)}. Inwhat follows, we naturally extend the notions of
period?, reachability constant and periodicity classes to finite automata through this graph G.
The numbering of the periodicity classes is defined up to a shift mod A: we say that Qg
is the class that contains the initial state gg. Similarly, we say that a finite automaton is
strongly connected if the underlying graph is strongly connected.

A strongly connected component S of an automaton A is a maximal subset of states such
that every state of S is reachable from every other one. Its periodicity is the periodicity of
the subgraph induced by A over S.

Positional words and positional languages.

To motivate the following definitions, let us recall the example discussed in the overview.
Consider a simple deterministic automaton with two states for the language (ab)*: there is a
transition labeled by a starting from one state but not from the other. The parity of the
position of the factor ab in a word carries an important piece of information: if the position
is odd, then we know that the word containing the factor is not in (ab)*. Furthermore, while
b appears at position 1 in ab, if this ab appears at an odd position in u then b appears at an
even position in u. This leads to the definition of positional words.

» Definition 3.4 (Positional words). Let p be a positive integer. A p-positional word is a
word over the alphabet Z/pZ x 3 of the form (n (mod p),ap)((n+1) (mod p),ai)---((n+¥£)
(mod p),ar). If u=ap---ap, we write (n : u) to denote this word.

2 Note that in this context, an aperiodic automaton means an automaton with an aperiodic underlying
graph, which is not the same thing as a counter-free automaton, which are sometimes called aperiodic
automata.
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a
oG ORLLELL
b

Figure 1 An automaton recognising the language (ab)*. A witness that a word is not in this
language is an a on an odd position or a b on an even position.

With this definition, starting with the 2-positional word (0 : u), the factor ab at an odd
position in u is (1,a)(0,b), and the positional factor corresponding to the b is (0,b). In this
case, even when taking factors of factors of u, we still retain the (congruence classes of the)
indices in the original word.

Any strongly connected finite automaton A = (Q, %, 0, qo, F') can naturally be extended
into an automaton over A(A)-positional words as follows. Let Qo,...,Q@x—1 be the partition
of the states of A given by Fact 3.3, where A = A(A) is the periodicity of A. The positional
extension of A is the finite automaton A defined by:

6(q,a) if g€ Qi

A= (Q,Z/NZ x %,8, q0, F) where §'(q, (i,a)) =
0 otherwise.

By fact Fact 3.3, any transition from a state of Q; goes to a state in Q;41, hence A recognized
well-formed A-positional words. We call the language recognized by A the positional language
of A, and denote it TL(A). This definition is motivated by the following property:

» Property 3.5. For any word u € ¥*, we have u € L(A) if and only if (0:u) € TL(A).

For the reasons that we exposed earlier, positional words make it easier to manipulate
factors with positional information, hence we phrase our property testing results in terms of
positional languages. Notice that a property tester for 7L(A) immediately gives a property
tester for £(.A), as one can simulate queries to (0 : u) with queries to u by simply pairing
the index of the query modulo A(A) with its result.

4  Strongly Connected NFAs

We first study the case of strongly connected NFAs, which are NFAs such that for any pair of
states p,q € Q, there exists a word w such that p — q. We show that the query complexity
of the language of such an NFA A can be characterized by the cardinality of the set of
minimal blocking factors of A, which are factor-minimal A(A)-positional words that witness
the fact that a word does not belong to TL(.A). In this section, we consider a fixed NFA
A and simply use “positional words” to refer to A-positional words, where A = A(A) is the
period of A.

» Definition 4.1 (Blocking factors). Let A be a strongly connected NFA. A positional word T
is a blocking factor of A if for any other positional word p we have T < p = pu ¢ TL(A).
Further, we say that T is a minimal blocking factor of A if no proper factor of T is blocking

a blocking factor of A. We use MBF(A) to denote the set of all minimal blocking words of A.

Intuitively and in terms of automata, (7 : u) is blocking for A if it does not label any transition
in A labeled by u starting from a state of @;. This property is formally established later in
Lemma 4.6.
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The Trichotomy of Regular Property Testing

The main result of this section is the following:

» Theorem 4.2. Let L be an infinite language recognised by a strongly connected NFA A.
1. L is hard if and only if MBF(A) is infinite.

2. L is easy if and only if MBF(A) is finite and nonempty.

3. L is trivial if and only if MBF(A) is empty.

Our approach

The definition of blocking factors gives a simple but powerful framework to design property
testers for L(A): using random sampling, attempt to find a blocking factor in (0 : w); if one
is found, reject u, otherwise accept u. If u € L(A), then (0 : u) does not contain a blocking
factor, and we always accept u. The other case is where insight is required: one needs to find
a sampling strategy that had a good probability of finding a blocking factor in (0 : u) for
any u e-far from L(A). A central tool for building such a sampling strategy is Lemma 4.8,
which shows that any word e-far from L(.A) contains many blocking factors. This approach,
introduced by Alon et al. [5], is used by all existing property testing algorithms for regular
languages.

This section is organized as follows. First, in Section 4.1, we give a few tools that help
us deal with positional words and blocking factors in strongly connected NFA. Next, in
Section 4.3 we tackle the case of trivial and easy languages (i.e. items Item 2 and Item 3
of Theorem 4.2). In Section 4.4, we prove that there exists an ¢ tester using O(log(s~1)/e)
queries for any language £(.A). Finally, in Section 4.5, we show that any language not in the
“easy” class requires Q(log(¢71)/e) queries, thereby proving that there is no intermediate
query complexity class between easy and hard, and completing the trichotomy.

4.1 Positional words, blocking factors and strongly connected NFAs

Before diving into the proof of Theorem 4.2, we establish a few properties of positional
words that will help us ensuring that we are creating well-formed positional words. In
Section 4.2, we highlight the connection between property testing and blocking factors in
strongly connected NFAs.

We start with the following facts, which are consequences of Fact 3.3.

» Fact 4.3. Let n be a nonnegative integer, let w be a word of length n. If for some states
p € Qi,q € Q; of A we have p = q, then the indices i,j satisfy the equation

j—i=|w| (mod\)

> Fact 4.4. Let 7= (i:u) and = (j : v) be positional words. If T < p, then there exists
positional words n, " with |n| =i—j (mod A) such that p = nrr’. In particular, this implies
that there exists words w,w’ with lw| =i —j (mod \) such that v = wuw’.

The next property shows that chaining positional words in the automaton A results
in well-formed positional words, in the sense that its letters are numbered by consecutive
numbers modulo A.

» Property 4.5. Let p,q,r be states ofﬁ and let T, 1 be two positional words such that p = q
and ¢ & r. Then T is a well-formed positional word, i.e. there exists a word w and an
integer i € ZJNZ such that Tu = (i : w).
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Proof. Let i,j be the respective indices of the periodicity classes of p and ¢, i.e. we have

p € Q; and ¢ € Q;. Then there exist words u,v such that 7 = (¢ : u) and p = (5 : v).

Furthermore, by Fact 3.3, the length of any path from p to ¢ is equal to j —¢ (mod A), hence

the last letter of 7 is (j — 1, a) for some a € ¥ and the words can be chained correctly, i.e.

T = (i : uv). <
These properties allows us to formalize the intuition we gave earlier about blocking factors.

» Lemma 4.6. A positional word T = (i : u) is a blocking factor for A iff for every states
p € Qi q € Q, we have p 7 q.

Proof. We first show that if there exists states p € Q;, ¢ € Q such that p = ¢, then 7 is not
blocking, i.e. there exists u € TL(A) such that 7 < u. As A is strongly connected, there

exist positional words 1,7’ such that gy — p and ¢ —— gy for some qy € F'. By Property 4.5,
the positional word p = 577’ is well formed. Furthermore, it labels a transition from ¢g to
gy, hence it is in TL(A), and 7 is not blocking.

For the converse, assume that 7 is non-blocking: we show that there exists two states
p € Qs,q € Q such that p = ¢q. As 7 is non-blocking, there exists a positional word p = (0 : w)
such that 7 < p and there exists a final state r such that qq £ r, and equivalently, gy — 7. By
Fact 4.4, since 7 < u, there exists words v, v’ such that w = vuv’ and the length of v is equal
to ¢ modulo \. In particular, the path gy — r can be decomposed into gy — p — ¢ — r: in
particular, we have p — ¢. It only remains to show that p is in Q;: this follows by Fact 4.3
since |v| =4 (mod \). <

Finally, the Hamming distance between u and £(.A) is the same as the distance between

(0:u) and TL(A).
> Claim 4.7. For any word u € ¥*, we have d(u, L(A)) = d((0 : u), TL(A)).

Proof. The < part is straightforward. For the reverse inequality, if suffices to see that in
any minimal substitution sequence from (0 : u) to a positional word in TL(A), no operation
changes only an index in an (index, letter) pair. <

This allows us to interchangeably use the statements “u is e-far from £(A)” and “(0 : u) is
e-far from TL(A)".

4.2 Strongly connected NFAs and blocking factors

Alon et al. [5, Lemma 2.6] first noticed that if a word u is e-far from L(.A), then it contains
Q(en) short factors that witness the fact that u is not in L(A). We start by translating
the lemma of Alon et al. on “short witnesses” to the framework of blocking factors. More
precisely, we show that if u is e-far from L(.A), then (0 : u) contains many disjoint blocking
factors (Lemma 4.8).

» Lemma 4.8. Let ¢ > 0, let u be a word of length n > 6m?/e and assume that L(A)
contains at least one word of length n. If 7 = (0 : u) is e-far from TL(A), then T contains at
least en/(6m?) disjoint blocking factors.

Proof. We build a set P of disjoint blocking factors of 7 as follows: we process u from left to
right, starting at index i; = p. Next, at iteration ¢, set j; to be the smallest integer greater
than or equal to ; and smaller than n — p such that 7[i;..j;] is a blocking factor. If there is
no such integer, we stop the process. Otherwise, we add 7[it..j: + p — 1]) to the set P, and
iterate starting from the index i;41 = ji + p.

11
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Let k denote the size of P. We will show that we can substitute at most 3(k + 1)m?
positions in 7 to obtain a word in T L(A). (See Figure 2 for an illustration of this construction.)
Using the assumption that 7 is e-far from 7L(A) (which follows from Claim 4.7) will give us
the desired bound on k.

a) | | 7liy..j1] | | 7[ia..J2] | | ‘ Tlik. - jr] | ‘ ‘
b) ’ ‘T[i1-~j1 — 1] ‘ ‘ Tliz..ja — 1] ‘ ‘ Tlig-Jr — 1] ] ‘
P1——q1 P2 ——— Q@2 p3... Pk —— Gk
c) ’ | 7li1..51 — 1] | 7liz-j2 — 1] o | rlieegr =1 | ‘
do — D1 q1 D2 q2 P3--- > Dk gk qf
Figure 2 a) The decomposition process returns k factors 7[i1, jt|, ..., T[ik, jx| (represented as

diagonally hatched in gray regions), separated together and with the start of the text by padding
regions of p — 1 letters (red crosshatched regions). b) After removing the last letter, each previously
blocking factor now labels a transition between some pair of states p¢, g:. ¢) We use the padding
regions to bridge between consecutive factors as well as the start and end of the word.

For every t, we chose j; to be minimal so that 7[é;..j¢] is blocking, hence 7[i;..j: — 1] is not
blocking, and therefore 7[i;..j; — 1] labels a run from some p; € Q;, to a ¢, € Q;,. Therefore,
using the strong connectivity of A and Fact 3.3, we can edit the last p letters of the block
T[it..j+ + p — 1] to obtain a non-blocking factor that labels a transition from p; to ps41. Using
the p letters at the start and the end of the word, we add transitions from an initial state
to p1 and from ¢ to a final state: the assumption that £(A) contains a word of length n
ensures that @, contains a final state, hence this is always possible. The resulting word is in
TL(A) and was obtained from 7 using (k + 1)p < 3(k + 1)m? substitutions. As 7 is e-far
from TL(A), we obtain the following bound on k:

En
3k+1)m?>>en=k+1>—
(k+1)m= >en + >3

En
=kFEk>— -1
— 3m?

= k> n

— 6m?2

The last implication uses the assumption that n > 6m? /. |

Lemma 4.8 allows us to handle three cases of Theorem 4.2, namely we use it to construct
a tester with O(log(e71)/e) queries for any regular language, to construct a tester with
O(1/e) queries for regular languages with a finite number of blocking factors and to show
the triviality of languages with no blocking factors.

4.3 The finite case

Using the framework described in the previous subsection, we show that when MBF(A) is
finite then £(A) can the be tested with O(1/¢) queries, and furthermore if MBF(A) is empty,
then L£(A) is trivial.
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Automata with no blocking factors.

First, observe that if MBF(.A) is empty, there are no blocking factors, and no word can contain
a blocking factor. Hence, the decomposition procedure used in the proof of Lemma 4.8
terminates with k& = 0, which shows that, if £(A) NX" is nonempty, then any word of length
n is at distance at most 3m? of L£(A). Therefore, for any € > 0 and for n > 3m? /e, no word

of length n is e-far from L£(A), and the tester that always accepts without queries is correct.

A tester for the finite-but-nonempty case.

To design a property tester with O(1/e) queries, recall that, from Lemma 4.8, if u is e-far
from L(A), then (0 : u) contains many disjoint blocking factors. We then extract from each
of these blocking factor a minimum blocking factor: because MBF(.A) is finite, the length of
each of these minimal factors is bounded by a constant C' independent of u, hence a constant
number of queries is enough to read one such factor. Finally, we show in Lemma 4.9 that
sampling O(1/e) factors is enough; the result follows.

» Lemma 4.9. Let A be a trim strongly connected NFA. If MBF(A) is finite, then the
language L = L(A) can be tested with O(1/e) queries.

Proof. If MBF(A) if finite, then there exists a constant C' such that every minimal blocking
factor of A has length at most C.

Let m denote the number of states of 4. Given a word wu of length n, we first check the
following:

If n < 6m? /e, read all of u, run the automaton A on u and accept if and only if A accepts.

If L(A) does not contain words of length n, reject. This can be checked efficiently using
a simple dynamic programming algorithm.
The above procedure uses at most O(1/e) queries, and if both checks fail, then u satisfies
the hypotheses of Lemma 4.8. We then use the following procedure:
sample independently K = 6m?In(3)/e random factors of length C in (0 : u). To sample

a factor, choose an index 4 uniformly at random in {1,...,n}, and return (i : ufi..i + C)).

rejects if at least one of these factors is blocking for A.
We show that this algorithm is an e-tester for L.

First, if u € L, then no factor of (0 : u) is blocking, and the algorithm accepts with
probability 1.

Now, assume that u is e-far from L. By Lemma 4.8, (0 : u) contains at least N = en/(6m?)
disjoint blocking factors. Each of these blocking factors induces at least one minimal blocking
factor, i.e. (0 : u) contains at least N disjoint minimal blocking factors. Each of these
factors has length at most C, therefore the probability that the sampling procedure returns
a factor that contains one of them is at least N/n = ¢/(6m?). By repeating independently
K = 6m?1In(3) /e times, the probability of not finding any of the blocking factors is at most
(1= N/n)K < e KEN/m — ¢=In3 — 1/3 therefore the algorithm rejects u with probability at
least 2/3 and satisfies Definition 2.1.

This tester uses 6Cm? /e = O(1/¢) queries. <

Lower bound in the nonempty case.

It remains to show that if MBF(A) is nonempty, then testing £(.A) requires Q(1/¢) queries.

Alon et al. [5] showed that “non-trivial” regular languages require Q(1/¢) queries, using a
notion of triviality defined differently from ours. They define non-trivial languages as follows:

13
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» Definition 4.10 ([5, Definition 3.1]). A language L is non-trivial if there exists a constant
gg > 0, so that for infinitely many values of n the set LNYX™ is nonempty, and there exists a
word w € X" so that d(w, L) > egn.

Their lower bound is the following:

» Fact 4.11 ([5, Proposition 2]). Let L be a non-trivial (in the sense of Alon et. al) regular
language. Then for all sufficiently small € > 0, any e-tester for L requires Q(1/e) queries.

To prove the lower bound in item 2) of Theorem 4.2, we show that if a language is
non-trivial in our sense, i.e. MBF(A) is nonempty, then it is non-trivial in the sense of Alon
et al.: we then get our lower bound by applying theirs.

» Lemma 4.12. Let A be a strongly connected NFA such that MBF(A) is nonempty and
denote L = L(A). Then there exists a constant eg > 0 such that for infinitely many values
of n the set LN XY™ is nonempty and there exists a word w € X" so that d(w, L) > egn.

Proof. As A is strongly connected, L is infinite, hence there are infinitely many integers n
such that L NX™ is nonempty. We show that there exists a constant g¢ such that for large
enough n such that L N X" is nonempty, there is a word of length n that is ep-far from L.

Since MBF(L) is nonempty, it contains at least one blocking factor, which is of the form
(¢ : ) for some i € Z/NZ. Let C denote the smallest multiple of A greater than the length of
u, let & denote an arbitrary word of length C' with u as a prefix, and let g = 1/(2C). We
proceed to show that for any sufficiently large n > 2(C' 4+ \) such that L N X" is nonempty,
there exists a word w € X" such that d(w, L) > egn. We construct the word w by replacing
a portion of v with disjoint copies of x, where z is an arbitrary word of length C' that has
u as a prefix. More precisely, we define w as w = v[..i)Jz*v[i + k - C + 1..] where k = [gon]
disjoint copies of . This word has length n as i+ k- C < A+ C[gon] < n.

We now claim that d(w, L) > k > egn. First, notice that as C is a multiple of A, all
k copies of z (and therefore of u) in w start at position equal to ¢ modulo A. Therefore,
any such occurrence of u induces an occurrence of (7 : u) in (0 : w). Next, consider a word
w’ obtained by performing less than k substitutions on w. Some copy of u in w’ will be
untouched, hence (i : u) < (0: w’), and therefore w’ ¢ L. Overall, we have

d(w,L) =d((0:w), TL(A)) > k > egn.

We have shown that there exists g such that for infinitely many n, L N X" is nonempty
and there exists a word w € X" so that d(w, L) > eon, hence L is non-trivial in the sense of
Alon et al, and their lower bound applies. |

4.4 An efficient generic property tester for regular languages.

In this section, we show that for any strongly connected NFA A, there exists e-property
tester for L(A) that uses O(log(e~1)/e) queries.

» Theorem 4.13. Let A be a strongly connected NFA. For any € > 0, there exists an
e-property tester for L(A) that uses O(log(e~1)/e) queries.

Note that this result is an improvement over the similar result of Bathie and Starikovskaya [7]:
while both testers use the same number of queries, theirs works under the edit distance,
while ours is designed for the Hamming distance. As the edit distance never exceeds the
Hamming distance, the set of words that are e-far with respect to the former is contained in
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the set of words e-far for the latter. Therefore, an e-tester for the Hamming distance is also
an e-tester for the edit distance, and our result supersedes and generalizes theirs.

The algorithm for Theorem 4.13 is given in Algorithm 1. The procedure is fairly simple:
the algorithm samples at random factors of various lengths in u, and rejects if and only if
at least one of these factors is blocking. On the other hand, the correctness of the tester is
far from trivial. The lengths and the number of factors of each lengths are chosen so that
the number of queries is O(log(¢7!)/e) and the probability of finding a blocking factor is
maximized, regardless of their repartition in w.

Algorithm 1 Generic e-property tester using O(log(e¢™*)/¢) queries

1: function SAMPLE(u, £)

2: i <— UNIFORM(0,n — 1)

3: I < max(i — ¢,0),r <~ min(i + ¢,n — 1)
4: 1< (I :ufl.r])

5: return v

6: function TESTER(u, ¢)

7: B« 12m? /e

8: if L(A)NX" =0 then

9: Reject
10: else if n < 8 then

11: Query all of v and run A on it

12: Accept if and only if A accepts

13: else

14: F«0

15: T + [log(B)]

16: for t=0to T do
17: Oy + 28 1y + [21n(3)B/44]
18: for i =1 tor; do
19: F < FU{SAMPLE(u, ¢;)}
20: Reject if and only if F contains a factor blocking for A.

We now turn to proving these properties formally.
> Claim 4.14. The tester given in Algorithm 1 makes O(log(¢~!)/e) queries to u.

Proof. If n < 3, then the tester makes |u| < 8 = O(1/¢) queries, and the claim holds. The
SAMPLE function with parameter ¢ makes at most 2¢ queries to u. Therefore, if n > j,
the tester it makes at most ¢; - 1, = O(8) queries for every t = 0,...,T, which adds up to
O(T - B) = O(log(s71)/e) queries. <

Next, we show an extension of Lemma 4.8 that shows that if u is e-far from L(A), then
(0 : u) contains Q(en) blocking factors of length O(1/e).

» Lemma 4.15. Let ¢ > 0, let u be a word of length n > 6m? /e and assume that L(A)
contains at least one word of length n. If u is e-far from L(A), then the positional word
(0 : u) contains at least en/(12m?) disjoint blocking factors of length at most 12m? /.

Proof. Let u, A be a word and an automaton satisfying the above hypotheses. By Lemma, 4.8,
(0 : u) contains at least en/(6m?) disjoint blocking factors. As these factors are disjoint, at
most half of them (that is, en/(12m?) of them) can have length greater than 12m? /e, as the
sum of their lengths cannot exceed n. |
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For the correctness analysis, we assume that u is e-far from L(A), and show that
Algorithm 1 finds a blocking factor of (0 : u) with probability at least 2/3.

» Lemma 4.16. In the last Else block, if u is e-far from L(A), then Algorithm 1 rejects
with probability at least 2/3.

Proof. Assume that u is e-far from L(A). As we are in the last Else block of Algorithm 1,
L(A)NX™ is not empty (i.e. L(A) contains a word of length n) and n > 3, therefore the
conditions of Lemma 4.15 are satisfied. Let B denote the set of minimal blocking factors in
(0 : u) given by Lemma 4.15: we have B > n/5. We conceptually divide the blocking factors
in B into different categories depending on their length: for t = 0,..., 7T, let By denote the
subset of B of blocking factors of length at most ¢; = 2t. We then carefully analyze the
probability that randomly sampled factors of length 2¢; contains a blocking factor from By,
and show that over all ¢, at least one blocking factor is found with probability at least 2/3.

> Claim 4.17. Ifin a call to SAMPLE, the value i is such that there exists indices I, r,l < i <,
such that (0 : u)[l,r] is a blocking factor of A of length at most ¢, then the factor n returned
by the function is blocking for A.

As the factors given by Lemma 4.15 are disjoint, the probability p; that the factor returned
by SAMPLE is blocking is lower bounded by

The SAMPLE function is called r; = 21n(3)3/¢; times independently for each ¢, hence the
probability p that the algorithm samples a blocking factor satisfies the following:

T
(1-p)=[I=p) t<eXp< me)

t=0

- Z|T| Z 27t

TEB t=[log |7|]

< exp (—MT(L?))B Z 7| - Qﬂoglﬂ)
TEB
21n(3)
SeXp( X |>
I lgl)
“ exp (_21n7§3)6 . 27;)

It follows that p > 2/3, and Algorithm 1 satisfies Definition 2.1. <
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4.5 Lower bound when there are infinitely many minimal blocking words

We now show that languages with infinitely many blocking factors are hard, i.e. any tester
for such a language requires Q(log(e 1) /e) queries.

» Theorem 4.18. Let A be a trim strongly connected automaton. If MBF(A) is infinite,
then there exists a constant €y such that for any € < g, any e-property tester for L = L(A)
uses Q(log(e~1)/e) queries.

Our proof of this result will look familiar to readers acquainted with the lower bound of
Bathie and Starikovskaya [7, Theorem 15]: our proof extends theirs to any language with
arbitrarily long minimal blocking words. One difference is that our lower bound applies
to e-testers for the Hamming distance, instead of the edit distance. This is a weakening
assumption as the edit distance never exceeds the Hamming distance, but it appears to be
needed in the proof of Lemma 4.23.

Our proof is based on (a consequence of) Yao’s minmax principle, which we recall here.

» Fact 4.19 (From Yao's Minmax Principle [21]). Let f : R — N be a nondecreasing function.
Let T denote the set of all algorithms using less than f(g) queries, and let Tp denote the
subset of deterministic algorithms. Let D be a probability distribution over 3X*. Then, we
have

inf sup Pp(T errs on ) > inf P,.p(T errs on x).
TeT . ( )z TeTD ( )

Therefore, to show that any randomized algorithm with less than log(¢~1)/e queries errs
with large probability, it suffices to exhibit a probability distribution over inputs such that
any deterministic tester errs with large probability on this distribution.

We will construct a hard distribution using long minimal blocking factors, and show
that with large probability, any deterministic algorithm using less than log(¢~!) /e queries
has the same query results for many pairs of positive and e-far instances. As the tester is
deterministic, it must answer the same on all these pairs, and therefore make an error with
large probability.

Our proof of Theorem 4.18 goes through the following steps:

1. first, show that with high probability, an input v sampled w.r.t. D is either in or e-far
from L (Lemma 4.23),

2. show that with high probability, any deterministic tester that makes fewer than c -
log(e71) /e queries (for a suitable constant ¢) cannot distinguish whether the instance u
is positive or e-far,

3. combine the above to prove Theorem 4.18 via Fact 4.19.

4.5.1 Constructing a hard distribution

Let € > 0 be sufficiently small and let n be a large enough integer. In what follows, m denotes
the number of states of A. To construct the hard distribution D, we will use an infinite
family of blocking factors that share a common structure, given by the following lemma.

» Lemma 4.20. If MBF(A) is infinite, then there exist positional words ¢,vi,v_,x such
that:

1. the words vy and v_ have the same length,

2. there exists a constant S = 2°0™) such that |¢|, |vy|, lv_|,|x| < S,
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3. there exists an index i, € Z/AZ and a state q. € Q;, such that for every integer r > 1,

T—r = ¢(v_)"z is blocking for A, and for every s < r, we have

G 2% g, where T4 g = G- )Y vy (V) 0y

In particular, T4 s is not blocking for A.

The crucial property here is that 7_ , and 74 , ; are very similar: they have the same
length, differ in at most S letters, yet one of them is blocking and the other is not. The
proof of this lemma is deferred to Appendix A.

We now use the words 7_ , and 74 , ; and the constant S to describe how to sample an
input g = (0: u) of length n w.r.t. D.

Let m be a uniformly random bit. If 7 = 1, we will construct a positive instance
u € TL(A), and otherwise the instance will be e-far from T L(A) with high probability.
We divide the interval [1..n] into k = en intervals of length ¢ = 1/¢, plus small initial and
final segments p; and ps of length O(p) to be specified later. For the sake of simplicity, we
assume that k and ¢ are integers and that A divides ¢. For j = 1,...,k, let a;,b; denote
the endpoints of the j-th interval. For each interval, we sample independently at random a
variable 7; with the following distribution:

log((Se) ™) (3)

t,  w.p. ps =3-2!Se/log((Se)~1) for t = 1,2,...,log((Se)~ 1),
T =
! 0, wp.p=1-,5 Ps-

The event 7; > 0 means that the j-th interval is filled with with N &~ 277 /¢ “special” factors.
When 7 = 0, these “special” factors will be minimal blocking factors 7_ ,. for r = 277, whereas
when 7 = 1, they will instead be similar non-blocking factors 7 , s for a uniformly random
s: they will be hard to distinguish with few queries. On the other hand, the event 7; =0
means that the j-th interval contains no specific information. More precisely, we choose a
positional word 7, of length £ such that ¢, —> ¢.: by Fact 3.3, this is possible as £ = 0
(mod A). Then, if 7; = 0, we set pla;..b;] = n., regardless of the value of =.

Formally, if 7; > 0, let r =27, N = 2773 /(Se) and let  be a word of length £ — N - |7_ , |
such that g, - ¢,: such a word exists as A divides ¢ and |7—r]. We construct the j-th
interval as follows:

if =0, we set plaj..b;] = (7—,)"n,

if =1, we select s € [0..r — 1] uniformly at random, and set ula;..b;] = (74 ,.5)Vn.
Finally, the initial and final fragments p; and py of 4 are chosen to be the shortest words
that label a transition from ¢g to g, and g¢. to a final state, respectively.

4.5.2 Properties of the distribution D

We now conclude the proof of Theorem 4.2 by studying properties of the distribution D.

» Observation 4.21. If ¢ is small enough, D is well-defined, i.e. for every t between 0 and
log((Se)™1), we have 0 < p; < 1.

» Observation 4.22. Ift =1, then p € TL(A).
Next, we show that when m = 0, the resulting instance is e-far from L with high probability.

» Lemma 4.23. Conditioned on m = 0, the probability of the event F = {u is e-far from
TL(A)} goes to 1 as n goes to infinity.



688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

G. Bathie and N. Fijalkow and C. Mascle

Proof. When 7 = 0, the procedure for sampling p puts blocking factors of the form (i, : x)
at positions equal to i, mod A. Any word containing such a factor at such a position is not
in TL(A), therefore any sequence of substitutions that transforms p into a word of TL(A)
must make at least one substitution in every such factor. Consequently, the distance between
wand TL(A) is at least the number of blocking factors in p. To prove the lemma, we show
that this number is at least en with high probability, by showing that it is larger than en by
a constant factor in expectation and using a concentration argument.

Let B; denote the number of blocking factors in the j-th interval: it is equal to 277 /(Se)
when 7; > 0 and to 0 otherwise.

> Claim 4.24. Let B = Z?Zl Bj, and let E =E[B]. We have E > 2en.

Claim proof. By direct calculation:

Ang

E [B;] by linearity
Jj=1
k log(S/¢)
= Z Z 271 /(Se) - py def. of expectation
j=1 t=1
k log(S/e)
= Z 27"/(Se) - 3-2'%S/log(S/¢) def. of p;
j=1 =1
k log(5/e)
=Y > 3/log(S/e)
j=1 =1
=3k > 2en
<

We will now show that P(B < en) goes to 0 as n goes to infinity. By Claim 4.24, we have
B <en = E — B > ¢n, and therefore P(B < en) < P(E — B > en). The random variable

B is the sum of k independent random variables, each taking values between 0 and 1/(Se).

Therefore, by Hoeffding’s Inequality (Lemma B.1), we have

2e2n?
( 25264712)
<exp|—— ) ask<en
en

< exp (—25%%n)
This probability goes to 0 as n goes to infinity, which concludes the proof. <

» Corollary 4.25. For large enough n, we have P (F) > 5/12.

Intuitively, our distribution is hard to test because positive and negative instance are

very similar. Therefore, a tester with few queries will likely not be able to tell them apart:

the perfect completeness constraint forces the tester to accept in that case. Below, we prove
this last part formally.

» Lemma 4.26. Let T be a deterministic tester with perfect completeness (i.e. one sided
error, always accepts T € TL(A)) and let g; denote the number of queries that it makes in
the j-th interval. Conditioned on the event M = {¥j s.t. 7; > 0,q; < 27}, the probability
that T accepts u is 1.
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Proof. We show that if there exists a 7 with non-zero probability w.r.t. D under M that T'
rejects, then there exists a word 7/ € T L(A) that T rejects that also has non-zero probability,
contradicting the fact that T has perfect completeness.

Let 7 be the word rejected by T: as T has perfect completeness, hence 7 ¢ T L(A), and
there must be at least one interval with 7; > 0. Consider every interval j such that 7; > 0: it
is of the form (7— ,)Nv where r = 27 and 7_, = ¢(v_)"x. Therefore, if ¢; < 27, then there
is a copy of v_ that has not been queried by T" across all copies of 7_ . Consider the word
7’ obtained by replacing this copy of v_ with v in all N copies of 7_ , in the block. The
result block is of the form (7 . s)Vv for some s < 7, and by construction it is not blocking.
Applying this operation to all blocks results in a word 7’ that is in 7L£(A). Furthermore,
7/ has non-zero probability under D conditioned on M: it can be obtained by flipping the
random bit 7 and choosing the right index s in every block. |

Next, we show that if a tester makes few queries, then the event M has large probability.

» Lemma 4.27. Let T be a deterministic tester, let q; denote the number of queries that
it makes in the j-th interval, and assume that T makes at most % log(e™1) /e queries, i.e.
Zj q; < 7—12 -log(e™1)/e. The probability of the event M = {Vj s.t. 7; > 0,q; < 27} is at
least 11/12.

Proof. We show that the probability of M, the complement of M, is at most 1/12. We
have:

P(M)=P(Fj:7; >0Aq; >27)

< ZIP’ (1 >0Ag; >27) by union bound
J
[log q;]
< Z Z Dt
i t=1
[log g;]
3.2¢
2 Tog(STe)
2t
loa(5/2) 2= 24

3e 2 log(1/e)
log(S/e) 72«
1/12

IN

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. We want to show that any non-adaptive tester with perfect com-
pleteness for L(A) requires at least 5 - log(e')/e queries, by showing that any tester with
fewer queries errs with probability at least 1/3. We use Yao’s minmax principle (Fact 4.19),
and show that any deterministic non-adaptive algorithm T with perfect completeness that
makes less than = - log(e ™) /e queries errs on u when (0 : u) ~ D with probability at least
1/3.
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Consider such an algorithm 7. The probability that 7" makes an error on u is lower-
bounded by the probability that w is e-far from L(A) and T" accepts, which in turn is larger
than the probability of MNF. By Corollary 4.25, we have P (F) > 5/12, and by Lemma 4.27,
P (M) is at least 11/12. Therefore, we have

P(T errs) > P(MNF)>1-7/12—1/12 =1/3.

This concludes the proof of Theorem 4.2. |

5 The Case of General NFAs

In this section we extend the previous characterisation to all finite automata, proving our
main theorem, stated as Theorem 2.7 in the overview section. To do so, we generalise the
notion of blocking factor: we introduce blocking sequences, which are sequences of factors that
witness the fact that we cannot take any path through the strongly connected components of
the automaton. We define a suitable partial order on blocking sequences, which extends the
factor relation on words to those sequences. The classification between trivial, easy and hard
of a language can be characterised by the set of minimal blocking sequences of an automaton
recognising it. This is expressed by the following theorem, where MBS(A) stands for the set
of minimal blocking sequences of A.
The statement we will prove is the following:

» Theorem 5.1. Let L be an infinite language recognised by the trim NFA A. The complexity
of testing L is characterized by MBS(A) as follows:

1. L is hard to test if and only if MBS(A) is infinite.

2. L is easy to test if and only if MBS(A) is finite and nonempty.

3. L is trivial if and only if MBS(A) is empty.

Recall that we only consider infinite languages in this classification.

This section uses the knowledge package, to help the reader keep track of the various
notions. Some important terms are coloured in red when we define them. Occurrences
of those important terms are coloured in blue. The reader can click on those (or just
hover over them on some PDF readers) to see the definition.

The rest of this section is dedicated to the proof of Theorem 5.1. Before we get into the
proof, let us go through some examples, which illustrate some of the main difficulties. In all
that follows we will abbreviate “strongly connected component” as SCC. We call an SCC
trivial if it is just a single state with no self-loop.

a,b b,c a,b,c

Vo
—>( qo >\\q? >

Figure 3 An automaton recognising the language (a +b)*(b+¢)*.

» Example 5.2. Observe the automaton in Figure 3. It has two SCCs, plus a sink state.
The set of minimal blocking factors of its language is infinite: it is the set cb*a. Yet, it is
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easy: Given a word w, it suffices to sample O(1/¢) positions at random and reject if we
see a ¢ appearing before an a. Clearly if the word is in the language, every ¢ must be after
every a, thus we accept. On the other hand, suppose the word is e-far from the language.
Let u be the maximal prefix of w containing less than e|w|/2 occurrences of ¢. If u = w
then we can turn every ¢ in w into an a to make it accepted, and thus d(w, L) < e|lw|/2, a
contradiction. Hence we can write w as ucv. If v contains less than e|w|/2 occurrences of a
then d(w, L) < e|w|, again a contradiction.

Otherwise, u contains e|w|/2 occurrences of ¢ and v contains e|w|/2 occurrences of a.
Then the probability that when picking e|w| letters at random we sample one of the ¢ in u
and one of the a in v is lower-bounded by a positive constant. In conclusion, we reject with
constant probability when the word is e-far from the language.

The crucial point in the following proof is the use of blocking sequences instead of blocking
factors. A blocking sequence is a list of factors that are blocking for SCCs of the automaton,
so that seeing this sequence as disjoint factors of a word guarantees that it is rejected.
Blocking sequences come with a natural notion of minimality, which lets us characterise
languages that are easy as those that admit finitely many minimal blocking sequences.

In the example above, a (unique) minimal blocking sequence is (¢, a).

q3

Y

Figure 4 An automaton recognising the language [e + ((c+d+e)*b(b+ e)*d)*a](b+c+d+e)".

» Example 5.3. In Figure 4 we display an automaton with two SCCs and a sink state. The
first SCC has blocking factors be*c + a and the second one just a. This automaton is easy:
intuitively, a word that is e-far from this language has to contain many a, as otherwise we
can make it accepted by deleting all a, thanks to the second SCC. As a is also a blocking
factor of the first SCC, we only need to look for two as in the word.

The family of unbounded blocking factors of the first SCC is made irrelevant by the fact
that a word far from the language must contain many a anyway.

We fix an NFA A = (Q, %, 0, ginit, q5). Once again note that it has a single final state gy.
Let . be its set of SCCs. We define the partial order relation <4 on . as: S <4 T if and
only if T is reachable from S. We write < 4 for its strict part <4 \ > 4.

We define p as the least common multiple of the lengths of all simple cycles of A. Given
a number k € {0,...,p — 1}, we say that a state t is k-reachable from a state s if there is
a path from s to ¢ of length £ modulo p. In what follows, we use “positional words” for
p-positional words with this value of p.
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» Remark 5.4. In the rest of this section we will not try to optimise the constants in the
formulas. They will, in fact, become quite large in some of the proofs. We make this choice
to make the proofs more readable, although some of them are already technical.

For instance, the choice of p as the lem of the lengths of simple cycles is not optimal: we
could use, for instance, the lcm of the periodicities of the SCCs.

» Definition 5.5. A portal is a J-tuple s,z ~ t,y € (Q x {0,...,p—1})2, such that s and t
are in the same SCC. It describes the first and last states visited by a path in an SCC, and
the times at which it first and lasts visits that SCC (modulo p).

The positional language of a portal is the set
PL(syx~t,y)={(x:w)|t€d(s,w)ANz+|w| =y (mod p)}.

Portals were already defined in [5], in a slightly different way. Our definition will allow us to
express blocking sequences more naturally.

» Definition 5.6. A positional word (n : u) is blocking for a portal s,z ~ t,y if it is not a
factor of any word of PL(s,x ~> t,y). In other words, there is no path that starts in s and
ends in t, of length y — x modulo p, which reads u after n — x steps modulo p.

» Remark 5.7. There is an NFA with < p|.A| states recognising PL(s,x ~ t,y): it simply
simulates the SCC of s while keeping track of the number of letters read, plus =, modulo p.
Its set of states is thus a subset of {0,...,p — 1} x Q.

It is strongly connected: say we read a word u from (s,z) and reach (s’,2’). There is
a path from s’ to s in A, labelled by a word v. Hence we can reach (s,z) from (s',2’) by
reading v(uv)P~1.

Its periodicity is p. Hence we can use all results we obtained on strongly connected NFAs
on portals, with p|.A| as the number of states and p as the periodicity.

» Definition 5.8. An SCC-path m of A is a sequence of portals linked by transitions
al Qg
T = 80,%0 ~ t0,Yo —> S1,T1 ~> L1, Y1+ —> Sk, Tk ~ Lk, Yk

such that for alli € {1,...,k}, ;i = yi—1 + 1 (mod p), s; € 6(t;—1,a;), and t;—1 <4 ;.
It is a description of the states and times at which a path through the automaton enters
and leaves the SCCs.

The language £(7) of an SCC-path 7 = s, g ~= Lo, Yo — - - - Sk, Tk ~> tg, Yi is the set

L(m) = L(s0,T0 ~ to,yo)a1 L(s1, 21 ~ t1,y1)az - L(Sk, Th ~ th, Yk)
We say that 7 is accepting if o =0, So = ¢init, tk = ¢y and L(m) is non-empty.

» Fact 5.9.

A= |J £m.

T accepting

Proof. Let w =1by---by € L(A). There exists p = qo b1y q--- LN ge an accepting run in A.

Let 41 < ... < iy be the sequence of indices such that {i1,...,ix} = {i € {1,...,m} |
Gi—1 <A q;}. We also define ig = 0 and i1 = £+ 1. In other words, those are the indices at
which p enters a new SCC.
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We define the SCC-path 7(p) as follows:

a; a;
7(p) = 90,0 ~ @i, —1, Y0 — Qiy, L1~ Qig—1,Y1 - — Qi s Tk ~ quy Yk

with ; = m+¢; (mod p) and y; =m+14;41 —1 (mod p) for all j € {0,...,k}. Clearly
w € L(m(p)) and 7(p) is an accepting SCC-path.

Conversely, let m = sg, g ~ to, Yo A SRy T~ L, yr be an accepting SCC-path in A
and let w € L(m).

For all j € {0,...,k}, there is a word w; labelling a path from s; to ¢;, such that
W = wWedq - Wk By gluing those paths and the transitions t;_; SEN s;, we obtain an
accepting run for w in A. |

Decomposing A as a union of SCC-paths allows us to use them as an intermediate step.
We define blocking sequences for SCC-paths before defining them on automata.

» Definition 5.10. We say that a sequence ((ny : uy),...,(ne : ug)) of positional factors is
blocking for an SCC-path ™ = so, g ~ to, Yo —> - - - Sk, Tk, ~ L, Y if there is a sequence of
indices ig < i1 < -+ <y such that (n;; : ;) is blocking for sj, x5 ~ t;,y;, for all j.

Figure 5 Automaton used for Example 5.11.

» Example 5.11. Take a look at the automaton displayed in Figure 5. It has four SCCs,
including two trivial ones {go} and {g4}. The lem of the lengths of its simple cycles is p = 2.

It has six accepting SCC-paths:

60,0~ G0, 0 % g1, 1~ g1, 1% 3,0 ~ 3,0 2 qa, 1~ g, 1

60,0~ 0,0 % 1,1~ g1, 1 % g3,0 ~ 3,1 2 g4,0 ~ 4,0

60,0~ 0,0 % 2,1~ ¢1,0 % g3, 1~ 3,0 % g4, 1 ~ ga, 1

90.0~ 40,0 % g2, 1~ q1,0 % g3,1 ~ g3, 1 2 4,0 ~ 4,0

90,0~ 40,0 % q1,1 ~ g2,0 2 g4, 1 ~ g4, 1

90,0~ 40,0 % g2,1 ~ g2, 1 % 4,0 ~ 4,0

The language of the first SCC-path is a(ba)*a(a?)*b. A blocking sequence for this SCC-
path is (0 : aa), (0 : b), which is in fact blocking for all those SCC-paths. Another one is
(1:ab).

On the other hand, (0 : ab) is not blocking for this path, as (0 : ab) is not a blocking
factor for the portal ¢;,1 ~~ ¢1, 1. It is, however, a blocking sequence for the third, fourth
and last SCC-paths.

This is because if we enter the SCC {q1,¢2} through g1, a factor ab can only appear
after an even number of steps, while if we enter through g¢o, it can only appear after an odd
number of steps.
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» Example 5.12. The automaton A displayed in Figure 6 only has cycles of length 1, hence
p = 1. They are totally ordered by < 4.

Observe that the sequence ((0 : a), (0 : b)) is a blocking sequence for the SCC-path
T=4q0,0~ g0,0 = q1,0 ~> ¢1,0 = ¢2,0 ~» ¢2,0 . Indeed, a is blocking for the first two
portals, and b for the third. We can verify Lemma 5.15 here: If a word contains |Q| = 4
disjoint sequences ((0 : a), (0 : b)), then in particular it must contain factors a, a and b in
that order.

Even two blocking sequences would be enough here, but note that containing one blocking

sequence is not enough: the word aba contains ((a : 0), (b : 0)), yet it is in the language of .

b b a Cl,b
—{ 90 >\\qlﬂ >( g2 >

Figure 6 An automaton recognising the language b* + b*ab*a”™.

In order to smoothen the proofs of the following results, let us start with two technical
lemmas expressing two basic properties of the Hamming distance with respect to A. The
first one states that, for all SCC-path 7 and ¢ large enough, whether £(7) contains a word
of length ¢ only depends on the value ¢ (mod p).

» Lemma 5.13. Let m = 59,20 ~ 10,50 — -+ Sp, Tk ~ tr,yp be an SCC-path and
r € {0,...,p — 1}. If there exists a word w € L(m) with |w| = r (mod p) and |w| > |A|
then for all £ € N such that £ = r (mod p) and £ > p|A| + 3| A|® there exists w' € L(r) with
|w'| = ¢.

Proof. Suppose there exists w € L(m) with |w| = r (mod p) and |w| > |A|. Then we can
decompose it as w = woay - - - wg with w; € L(s;, z; ~ t;,y;) for all i. For each i € {0,...,k},
let S; be the SCC of s;, and p; the periodicity .S;. For all ¢ such that the S; is not trivial, by
Fact 3.3, there is a word v} labelling a path from s; to ¢; of length ¢; with £; = m;11 —m;
(mod p;) and ¢; < 3|A|%. If i = k, we set my1 = 7. Since the SCC of s; is not trivial, there is
a simple cycle from s; to itself. Let ¢; be its length and u; the word it reads. Since p; divides
p, we know that m;1 —m; — £; = r;p; (mod p) for some r; € {0,...,p/p; — 1}. The word
w} = u; v} labels a path from s; to t;, of length ¢; +r;p; = m;41 —m; (mod p). Furthermore
we have |w]| < p+ 3|A|%. If s; is in a trivial SCC, then w; is the empty word 7. In that case
we set w] = ~. We set w' = wiayw} - - - ap_1w},. We have w’ € L(r), |w'| < p|A|+ 3| AJ]> and
|w'| =7 (mod p).

Since w € L(w) and |w| > |A|, the run reading w has to go through a cycle, hence there
must be an ¢ such that S; is non-trivial. Let u be a word labelling a simple cycle from s;
to itself. Since |u| divides p, for any ¢ € N such that ¢ = 7 (mod ) and ¢ > p|A| + 3|A[
we can find a word of length ¢ in £(7) by adding this cycle enough times in the run of w’
constructed before. <

Our second technical lemma expresses that adding p letters to a word can only increase
the distance by p.

» Lemma 5.14. Let s,x ~ t,y be a portal such that the SCC of s and t is non-trivial, and
w a word such that d(w, L(s,x ~ t,y)) < +oo. Let u € ¥P. Then we have d(wu, L(s, T ~
t,y)) < d(w,L(s,x ~ t,y)) +p.
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The Trichotomy of Regular Property Testing

Proof. As d(w, L(s,z ~ t,y)) < +0o0, there exists w’ € L(s,z ~ t,y) such that d(w,w’) =
d(w, L(s,z ~ t,y)). Thus there is a path of length y —z (mod p) from s to ¢ reading w’. As
the SCC of ¢ is non-trivial, there is a cycle from t to itself. Let v be a word labelling a simple
cycle from ¢ to itself. By definition of p, |v| divides p, thus there exists k such that k|v| = p. In
consequence, the word w'v¥ is in L(s,x ~ t,y). Furthermore, since d(w,w’) = d(w, L(s,z ~
t,y)), we have d(wu, L(s,z ~ t,y)) < d(wu, w'vF) < d(w,L(s,z ~ t,y)) + p. <

We say that blocking sequences of a word are disjoint if they appear on disjoint sets of
positions.

» Lemma 5.15. If (0 : w) contains |Q| disjoint blocking sequences for an SCC-path m =
50, T0 ~> t0, Yo —> Sk, Tk ~ Uk, Yk, then w & L(r).

Proof. We prove a slightly stronger statement by induction on k:

If (m : w) contains k disjoint blocking sequences for an SCC-path 7 = sq, z¢ ~ to, Yo —
Sk, Tk~ g, Yk, with 2o = m, then no word of £(7) has w as a suffix.

The base case is trivial as the empty SCC-path has an empty language.

Now let k£ > 0 and suppose this proposition holds for £ — 1. Consider an SCC-path
T = S0,%0 ~ 10, Yo — -+ -k, 2 ~ tr, yr and disjoint blocking sequences o7 ..., 0. Let
(m:w)=m:w_)(my :v)(my : wy) with (m, : v) the first factor from one of the blocking
sequences that is blocking for (mq,s1,t1). Let o; be the blocking sequence in which it
appears.

Since the blocking sequences are disjoint, for every blocking sequence other than o,
its part appearing in w; must be a blocking sequence for w, and thus also for s;,z; ~~
t1, Y1 2z, - Sk, T ~ tg,yr. Hence wy contains k — 1 disjoint blocking sequences for
S1,T1 ~ b1, Y1 —2 sk, ~ tk, Y. By induction hypothesis, no word of L(s1,21 ~
t1, Y1 Lz, Sk, Tk ~ lg,yr) has wy as a suffix. Let u be a word having w as a suffix.
Suppose by contradiction that u € L(7). Then u = u_ajuy with u_ € L£((my, $1,t1)) and
uy € L((ma, s2,t2), ..., (Mg, Sk, tr)). Further, since w, is a suffix of w which is a suffix of
u, we have u = u,w for some prefix u,. Since w, cannot be a suffix of u,, u, must be a
prefix of u_, meaning that (m, : v) must appear as a factor of (m: u_). As (m, :v) is a
blocking factor for (mq,s1,t1), this contradicts the fact that u_ should be read entirely in
the SCC of s1. As a result, u ¢ L(m).

This concludes our induction. |

The following lemma expresses a sort of converse implication: if a word is far from the
language then it contains many blocking sequences. Let B = p|A| + 3|.AJ2.

In the following results we will often use terms like “(z : w) contains at least Ny blocking
factors for sg, g ~ to, Yo, ..., N blocking factors for sg, x ~ tg, yx, in that order, all disjoint”.
This means that we can cut the word (z : w) in k parts (z : w) = (xg : wo) -~ (g : wg),
where for all ¢ we have N; disjoint blocking factors for s;, x; ~> t;, ;.

» Lemma 5.16. Let m = 50, T ~> to, Yo — -+ Sk, T ~ tp, Yr be an SCC-path. If |w| >
2 2

max(%, (k+2)(B+p), M) and +00 > d(w, L(m)) > e|w| then (xg : w) contains

at least % blocking factors for so, xg ~ to, Yo, ---, % blocking factors for

Sk, Tk ~ tr, Yk, n that order, all disjoint.

Proof. We prove this by induction on k£ using Lemma 4.8. For k = 0 we can directly apply
Lemma 4.8, in light of Remark 5.7.

Let k > 0, suppose the lemma holds for £ — 1. Since +oo > d(w, L()), there is a word
of length |w| in £(7), hence we must have |w| =y, — 2o (mod p).

Our goal is now to cut w in two parts with an intermediate letter, w = w_aw,, so that:
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970 d(w_, L(s0,To ~ to,%0)) > ;k—ﬂ, and we can apply Lemma 4.8

o71 d(wy, L(s1,21 ~ t1,11 Ly sy, T e te,yk)) = % and we can apply the
72 induction hypothesis

073 To do so, we use an intermediate value argument: We show that w has a short prefix

oe  which is very close to L(sg, o ~ to, o), and a large prefix which is far from it.

o75 Then, we use Lemma 5.14, which says that extending a prefix with p letters can only
o change the distance to L(sg,zg ~ to,yo) by p. We then argue that there is an intermediate
o prefix w_ which is (roughly) at distance 281111‘4 from L(sg,x0 ~ to,y0). We split w into
s W_awy, with la ‘a single letter. As d(w, L(7)) > e|w|, we infer that w, must be at distance at
glw
2k+4

980 Let us now detail the proof. We define my = s, 21 ~ t1, 41 22, c Sk, T~ Ty Yk

oo least e|lw| — from L(s1,21 ~ t1,y1 —> - 8k, Tk ~ L, Y ), which suffices to conclude.

s D> Claim 5.17. There is a prefix w’ of w such that [w’'| < B +p, |w'| = yo — 2o (mod p) and
e d(w’, L(so,x0 ~ to,y0)) < B+p.

o3 Proof. Let w’ be the prefix of w such that |w’| = yo—zo (mod p) and p|A|+3|A]* < |w'| < B+
se . It exists as |w| > (k+2)(B+p) > B+p. By Lemma 5.13, d(wp, L(s0, o ~ to,Y0)) < +00
s and therefore d(w’, L(so,zo ~ to,¥y0)) < |wy| < B+ p. <

ws [> Claim 5.18. There is a prefix w” of w such that |w”| > B + p, |w”| = yo — zg (mod p)
o7 and d(w”, L(s, o ~ to,y0)) > lw| — B —p—1.

s Proof. Let w = w”aw; such that p|A| + 3|A]> < |ws| < B+ p and |ws| = yx — 21 (mod p).
9o This decomposition exists as |w| > (k+2)(B +p) > B +p. We have |w”| = yo — z¢ (mod p).
oo Furthermore, as B < |wy|, by Lemma 5.13, d(wy,L(74)) < 400. As a consequence,
wm d(wg, L(m1) < |wi| < B +p).

092 Asd(wy, L(71)) < Jwy| < B+pand +o0o > d(w, L(7)) > en, we must have d(w_, L(sg, xg ~
w3 to,Y0)) > en—B—p—1. <

sa > Claim 5.19. There exist words w_,w; and a letter a such that w = w_awy and

s d(w_, L(so,To ~ to,Y0)) > ;k‘qil;; and d(wy, L(my)) > (kiliizlwl

ws Proof. By the two previous claim, w has a prefix w’ of length > B at distance < B + p from

wr L(80, 20 ~ to,Yo), and a longer prefix w” at distance > e|w|—B—p—1 from L(sg, zg ~ to, Yo)-
9Btptl elw|

€ k+2°
999 In consequence, there must exist w_ a prefix of w and u a word of length p such that

w0 d(w_, L(so,z0 ~ to,y0)) < 224 < d(w_u, L(s0,70 ~ to,Y0))-

ws Furthermore, as |w| > , we have elw| —B—p—1>

1001 By Lemma 5.14, we have d(w_, L(so,zo ~ to,¥0)) > % —p> %. As |w| > M,
w2 we have 2'}?2‘ —p> ;k‘ﬂl and thus d(w_, L(s9, o ~ to,%0)) > ;klﬂ.

1003 On the other hand, as d(w_, L(sg, o ~ to,Yo)) < %’g and +oo > d(w, L(7)) > e|w]|, we
wee  must have d(wy, L(m1)) > % <
1005 By the claim above and Lemma 4.8 we have that w_ contains at least %

wos  blocking factors for sg, zg ~> tg,yo. On the other hand, by induction hypothesis, w contains

elw| elw|
12p2[ A2 (F12) o T2p2[ AP (k+2)
008 Sk, Tk ~> Lk, Yk, in that order, all disjoint.

wor  at least blocking factors for s1,z1 ~ t1,y1, blocking factors for

1000 By combining the two, we obtain the lemma. <
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A blocking sequence for A is a sequence ((n1 : ui),...,(n¢ : ug)) that is blocking for
all SCC-paths of A. As an example, observe that the sequences (0 : ab), (1 : ab) and
(0 : aa), (0 : b) are both blocking for the automaton displayed in Figure 5 (see Example 5.11).

The goal of the next two lemmas is to show that we can reduce property testing of £(.A)
to a search for blocking sequences in the word:

If we find a few blocking sequences in a word then we can answer no as it is not in the

language (Lemma 5.20).

A word that is far from the language contains many blocking sequences (Lemma 5.21).

Hence if we do not find blocking sequences in the word then it is unlikely to be far from

the language.

» Lemma 5.20. If w contains |A| disjoint blocking sequences for A then w ¢ L(A).

Proof. Let 7 be an accepting SCC-path through A. By definition a blocking sequence for A
is a blocking sequence for m. As w contains |@Q| disjoint blocking sequences for A, it contains
|Q| disjoint blocking sequences for m, hence w ¢ L(7) by Lemma 5.15.

As a result, w is not in the language of any accepting SCC-path of A, and thus not in
L(A). <

Before going into the next proof, we start by observing that an SCC-path has at most
|A| terms, and thus there are at most (|A|?p?|S| + 1) SCC-paths in A.
Let C = (JA]?p?S| + 1)I4.

» Lemma 5.21. If +o00 > d(w, L(A)) > e|w| and |w| > maX(GELQ, (k+2)(B+p), @)

% disjoint blocking sequences for A.

then w contains 1zc€|
Proof. For each accepting SCC-path 7, as L(w) C L(A), d(w, L(7)) > d(w, L(A)). Thus, A
must have % disjoint blocking sequences for m, by Lemma 5.16. It remains to prove that

\

12‘5;')2‘1)2 disjoint blocking sequences for each 7 implies % disjoint blocking sequences
for A. Given a set of SCC-paths II, we define ||TI|| as the sum of the lengths of its elements.
We say that a sequence is blocking for II if it is blocking for all its elements.

We now prove the following statement by induction on [|II||: Let II be a set of SCC-paths

through A, and let w be a word with % disjoint blocking sequences for each 7 € II.
]
[

12 p?
Then w contains HHTIEHW disjoint blocking sequences for II.

The base case is immediate as w contains arbitrarily many disjoint occurrences of the
empty word, which is a blocking sequence for (.
Let w = w_wy where w_ is the minimal prefix of w containing W disjoint

blocking factors for the first element of some 7w € II. That is, 7 = sg,z¢9 ~ to, %o SN

<+ Sp,Tp ~ tp, yr and w_ contains W disjoint blocking factors for sq, g ~ to, %o.
(T} =1)e|w]

Then, by minimality of w_, w; must have To[[TAZp? Many disjoint blocking sequences

for m' = s1, 21 ~ t1, Y1 — -+ - 55, T ~ L, yr and for each 7 # 7. We can then apply the
induction hypothesis on w,, with &’ = % and II' = II'\ {w} U {#}: it must contain
e'|w]

_ e|w] - . y
IITARS® = T2AP disjoint blocking sequences for II'.

Appending a blocking factor for sg,xg ~ tg, yo in front of any of those blocking sequences
for I’ yields a blocking sequence for II. In consequence, we can form % disjoint
blocking sequences for II by matching the % blocking factors for sg, xg ~ tg,yo in
w_ with the % blocking sequences for IT" in w .

This concludes our induction. To obtain the lemma, we simply apply this property with
IT the set of accepting SCC-paths of A. <
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We define a partial order < on sequences of positional factors. It is an extension of the
factor order on blocking factors. It will let us define minimal blocking sequences, with which
we characterise hard languages.

» Definition 5.22. We have (nq : u1),...,(ng : ux) < (0] 2 uf),..., (0, : uy) when there
exists a sequence of indices iy < iy < ... <1y such that (n; : u;) is a factor of (nf; : u}) for
all j.

A blocking sequence (ny : u1),...,(ng : ug) for A is minimal if it is minimal for <

among blocking sequences of A.

» Remark 5.23. If 0 < ¢’ and o is a blocking sequence for an SCC-path 7 then ¢’ is also a
blocking sequence for .

The left effect of a sequence o on an SCC-path 7 = sq, To ~ to, Yo — - - - Sp, Tk ~ bk, Yk 1S
the maximal index i such that the sequence is blocking for sg, 2o ~ to, Yo — - - - Si, &5 ~ i, Ui
(=1 if there is no such 4). It is written (o>>). Similarly, the right effect of a sequence on =
is the minimal index ¢ such that the sequence is blocking for (my, s;), ..., (mk, sx) (k+ 1 if
there is no such 7). It is written (7<o).

» Remark 5.24. A sequence o is blocking for an SCC-path m = sq, x¢ ~ tg, Yo A Sy T
tr, yx if and only if (o>>7) = k if and only if (r<o) = 0.

Also, given two sequences o', 0", the sequence olo” is blocking for = if and only if
(ob>7) > (<o) — 1.

We make the remark that minimal blocking sequences have a bounded number of terms.

This is because if we build the sequence from left to right by adding terms one by one, the
minimality implies that at each step the left effect on some SCC-path should increase. As the
number and lengths of SCC-paths are bounded, so is the number of terms in the sequence.

» Lemma 5.25. A minimal blocking sequence for A has at most |Q|(p|Q|)??! terms.

Proof. The number of SCC-paths in A is bounded by (p|Q|)?/?!, as each path has at most
|Q| portals and there are at most p?|Q|? portals. Let o = (ny : uy), ..., (ne : us) be a minimal
blocking sequence for A. For all i € {1,...,¢} we write o; for (ny : u1),...,(n; : u;).

For all i € {1,...,£ — 1} and SCC-path 7, we have (0;>>7) < (0;41>>7). Furthermore,
for all ¢ there must exist 7 such that (0;>>7) < (0;41>>m): Otherwise we could remove
(nj+1 : u;+1) and the sequence would still be blocking for all SCC-paths of A, contradicting
the minimality of o.

As there are at most (p|Q|)?/?! SCC-paths, each of length at most |Q|, £ must be at most

Ql(plQ)*!. <

We now have all the tools to present the proof that languages recognised by automata
with bounded minimal blocking sequences are exactly easy languages. Let us start with the
easier direction.

» Lemma 5.26. If A has finitely many minimal blocking sequences, then it is easy.

Proof. As the length of minimal blocking sequences of A is bounded, so is the number of
minimal blocking sequences. Let K be the bound on the length and P the bound on the
number of minimal blocking sequences.

Let us first sketch the proof before detailing the formulas. We infer from the fact that
there are boundedly many blocking sequences that if a word w is e-far from the language of
A then it must contain O(e|w|) many times the same minimal sequence o.
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Since each positional word in this sequence has length at most K, by sampling O(é)
factors of length K uniformly at random, we can show a positive constant lower bound on
the probability to find . We can repeat this step to obtain a probability > 1/2 to find |A|
times the sequence o. This proves that w ¢ £(A) by Lemma 5.20.

We now develop the formal proof, starting with a proof that a word that is e-far from
L(A) must contain many times some minimal blocking sequence o. The next claim shows
that having many sequences < -greater than a sequence o implies having many occurrences
of o.

> Claim 5.27. Let 0 = (n1 : u1) - -+ (ng : ug) be a blocking sequence for A4 and let M € N. If
a positional word (m : w) contains M disjoint blocking sequences for A that are all greater
or equal to o for <, then (m : w) contains at least 4f occurrences of (ny : u1), ..., &
occurrences of (ny : ug), in that order, all disjoint.

Proof. We proceed by induction on k. If k = 0 the claim is immediate.

Let k > 0, suppose the claim holds for sequences of length k—1. Suppose (m : w) contains
M disjoint blocking sequences for A that are all greater or equal to o for <. We can assume
without loss of generality that all those sequences have (n1 : u1) as a factor of their first
element: If a sequence ¢’ = (n} : u})---(n] : u;) is such that 0 < ¢’ and (nq : u1) is not a
factor of (n} : u}), then we must have o < (n) : u5)---(n] : uj). Hence we can shorten the
sequences of timed words until they all have (ny : u1) as a factor of their first term.

Let (m : w;) be the smallest prefix of w containing &X' occurrences of (nq : uy). Let
(m' : w’) be such that (m: w) = (m: wy)(m’ : w'). As (m : w) contains M disjoint blocking
sequences for A which all have (ny : u1) as a factor of their first term, we can find at least
M — % of them in (m' : w’). As they are all greater or equal to o, they are also greater

or equal to (ng : ug),...,(ng : ug). By induction hypothesis, (m' : w’) contains at least
(M — A = 2L disjoint occurrences of (ng @ ug), ..., (ny : uy), in that order, all disjoint.
As a result, (m : w) contains at least % occurrences of o. <

We can move on to the next step, which is to show that a word that is e-far from £(.A)
contains many occurrences of some minimal blocking sequence o.
Let D = 12C|A[*(p|A|)2AIp2P.

; 6p°| Al (2k+4)p
> Claim 5.28. If +00 > d(w, L(A)) > ew| and |w| > max (=, (k 4 2)(B + p), ——F)
then there exists a minimal blocking sequence o = (nq : uy) - -+ (ng : ug) for A such that w

% occurrences of (ny : uy), ..., Elg‘ occurrences of (ng : uy), in that order, all

contains
disjoint.

Proof. We start by applying Lemma 5.21. We obtain that w contains ﬁ

52 disjoint
blocking sequences for A.

Each one of those sequences if greater or equal to a minimal blocking sequence of A for
elw]|
12CTAPp2 P
sequences in w that are all greater or equal to ¢ for < . Furthermore, by Lemma 5.25, ¢

has at most |.A|(p|.A])24 terms.

We can then apply Claim 5.27 and obtain that w contains %
each term of (ny : uy), ..., (ng : ug), in that order, all disjoint. <

< . As a result, there exist ¢ a minimal blocking sequence and disjoint blocking

disjoint occurrences of

Given a word of length n, we start by checking that A accepts a word of length n. If not,
we reject.

If |w| < max (M, (k+2)(B+p), M) then we read w entirely, and accept iff it
is in L(A).
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Otherwise, for each minimal blocking sequence o, we sample uniformly at random g
intervals of length K in w. We reject if we find |.A| disjoint occurrences of o. If we have gone
through every minimal blocking sequence without rejecting, we accept.

If the word is in £(A), then by Lemma 5.15 it cannot contain |@| disjoint blocking
sequences, hence the algorithm will accept.

If the word is e-far from £(A) (but within a finite distance), then by Claim 5.28 there
exists a minimal blocking sequence o = (ny : ug)--- (ng : ux) for A such that w contains
£lvl oecurrences of (n1 :u1), .., % occurrences of (ng : uk), in that order, all disjoint.
Recall that by Lemma 5.25, o has at most 7' = |.A|(p|.A|)? terms, hence k < T. By
sampling O(é) factors of length K at random, we have a constant positive lower bound
on the probability of finding |@Q| of those occurrences of (n; : u;), for any i. From this we
infer that by sampling O(%) factors of length K at random, we have a constant positive
lower bound on the probability of finding |.A| occurrences of (n; : u;) for each 4, and thus |.A|

occurrences of o.

We can iterate this procedure a constant number of times to obtain a procedure using
O(%) samples that accepts every word in the language and rejects with probability > 1/2
words that are e-far from the language. |

In order to prove a lower bound on the number of samples necessary to test a language
with infinitely many minimal blocking sequences, we proceed as follows. We exhibit a portal
with infinitely many minimal blocking factors s,z ~~ t,y and “isolate it” by constructing two
sequences of timed factors ! and o such that for all (n’ : u’), o'(n’ : u')o" is blocking for A
if and only if (n’ : «’) is blocking for s, ~ t,y. Then we reduce the problem of testing the
language of this portal to the problem of testing the language of A.

For the next proof we define a partial order on portals: s,z ~ t,y < s', 2’ ~ t/,y if all
blocking factors of s’,x’ ~ t/,13’ are also blocking factors of s,z ~~ t,y. We write = for
the reverse relation, ~ for the equivalence relation =< N > and % for the complement
relation of ~ .

Additionally, given an SCC-path m = sg, 20 ~ to, Yo —> --- 8k, T ~> tg,yr and two
sequences of positional words ¢!, 0", we say that the portal s;,x; ~ t;,y; survives (o', 0") if
(ob>m) <i < (ko).

» Definition 5.29. Let 5,2 ~~ t,y be a portal and o' and o sequences of positional words.
We define four properties that those objects may have:

P1 olo” is not blocking for A

P2 s,z ~ t,y has infinitely many minimal blocking factors

P3 for all accepting SCC-path m in A, every portal in © which survives (o',0") is =~ -
equivalent to s, x ~> t,y.

» Lemma 5.30. If A has infinitely many minimal blocking sequences, then there exist a
portal s,x ~~ t,y and sequences o' and o satisfying properties P1, P2 and P3.

Proof. If A has infinitely many minimal blocking sequences, let (¢;);en be a family of
minimal blocking sequences such that the sum of the lengths of the elements of o; is at least
7 for all j.

By Lemma 5.25, a minimal blocking sequence has a bounded number of elements. We
can thus extract from this sequence another one (0);jen such that each ¢} contains a factor
of length at least j.

For each j let i; be the index in a;- of a factor of length at least j, and /; and r; respectively
the left effect of the i; — 1 first factors and the right effect of the k; — ¢; last ones, with
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k; the length of 0;». As those objects are taken from bounded sets, we can obtain a third
sequence (0;)jen and o and K such that the ith element of each ¢; has length at least j
and the set of components for which it is blocking is K.

For all j let (nj,u;) be the ith element of 5;. Define o! = (n} : ul),..., (n} : ul) and
= (n} :u}),...,(n} : u}) so that 51 = o'(ny,us)o”. For all j, ol(n; : u;)o" is a minimal
blocking sequence.

We call surviving portals the portals that survive (¢!,o") in at least one SCC-path.

O.’I‘

> Claim 5.31. There exists a surviving portal with infinitely many minimal blocking factors
that is minimal for < among surviving portals.

Proof. Suppose by contradiction that all < -minimal surviving portals have finitely many
minimal blocking factors.

For all j, (n; : u;) must be blocking for all surviving portals (otherwise &; would not be
blocking for A). Hence (n; : u;) contains a blocking factor for each =< -minimal surviving
portal. As those factors are bounded while (n; : u;) can get arbitrarily large, there exists
j such that (n; : u;) can be split into two non-empty parts (n; : uj_)(nj' : uj') so that
each = -minimal surviving portal has a minimal blocking factor in either (n; : uJ_) or

(n]+ : u;') As a consequence, every surviving portal has a blocking factor in either (n; : u; )
or (nj+ : u;r)
Let P be the number of portals of A. We obtain that o'[(n; : u]_)(n;' : ’U,j_)]PO'T is a

blocking sequence for A, contradicting the minimality of o' (n; 1 uj)o” for <. In conclusion,
there is a =< -minimal surviving portal with infinitely many minimal blocking factors. <

Let s,z ~» t,y be a =< -minimal surviving portal with infinitely many minimal blocking
factors: It satisfies P2.

The following claim shows that there is a pair of sequences (¢!, ") such that properties
P1 and P3 are satisfied.

> Claim 5.32. There exist o', 0" such that ¢'o” is not a blocking sequence for A, and for
all accepting SCC-path 7 in A, every surviving portal in 7 is ~ -equivalent to s,z ~ t,y.

Proof. We start from the sequences o', 0" defined before and extend them so that they have
the desired property.
For each s 2’ ~ ',y 2 s,z ~ t,y, since s,x ~ t,y is = -minimal we can pick a
positional word (n : w)s /-y, that is blocking for s', 2’ ~» t', 3’ but not for s,z ~» ¢, y.
We extend o' and o" as follows. While there is a surviving portal s’, " ~ t',9/ that is
not =~ -equivalent to s,x ~~ t,y:
We pick an SCC-path 7 such that s’,2’ ~ ¢,y survives in 7.
Let iy = (o!>>7) and 4, = (7<0o")
If for all ¢ € {ig + 1,...,4 — 1}, 84, @i ~ t;,y; % s,x ~ t,y then we append at the
end of o the sequence (1 : ),y e, p1~ts, 14105 (M3 Wiy ws ity _1ysr—r- The
sequence o'o” is now blocking for 7. On the other hand, since we did not add any
blocking factor for s,z ~~ t,y, there must still be a surviving portal that is =~ -equivalent
to it.
If there isan i € {ig+1,...,4. — 1} such that s;, z; ~ t;,y; ~ s, ~> t,y then let ¢ be the
maximal index in {iy + 1,...,i} such that (mg, s, t.) is not equivalent to s,z ~~ ¢,y for
~ , or iy if there is no such index. Symmetrically, let d the minimal index in {3, ... i, — 1}
such that (mg, sq,tq) 2 s, ~> t,y, or i, if there is no such index. We append at the

end of ¢! the sequence (n : u) oy (n W, s, t.- We append at the

Sip+1:Tip+1~ iy 4 1,Yip410 "
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3 1 Y . .
beginning of " the sequence (1 : U)s, zqwtayar--+» (05 Ws, 1 zi 1oty 1 yi - NOW all
surviving portals in 7 are =~ -equivalent to s,z ~ t,y, and s;, x; ~ t;,y; still survives.

We iterate this step until all surviving portals are =~ -equivalent to s,z ~~ t,y. We made
sure that at least one portal was still surviving after each step, hence in the end the sequence
alo” is not blocking for A. <

<

» Lemma 5.33. Let m = sq, z0 ~ to, Yo —= -+ - g, ¢ ~> tg, Y be an accepting SCC-path, and
leti € {0,...,0}. Let ol = (n} :ul),...,(nk : ul) a sequence such that (c\>7) < i and
N eN.

Then there is a word w' of length at most (3|A]> + |A|)(k + 1) + N(2p? + p)k|A| +

pN Zle |ul| such that |w!'| = x; — xo (mod p), there is a run reading w' from sq to s; in A,
and (zo : w) contains N times (n} : ul), ..., N times (n} : u}) as disjoint factors, in that
order.

Proof. We define w! by induction on k. As 7 is accepting, by definition £(7) # ), and thus
for all j € {0,...,¢} there exists a word of length y; — x; (mod p) labelling a path from
s; to tj. By Fact 3.3, there is such a word v; of length at most 3|.4]?. As a result, for all
z €{0,...,¢} we can form a word w, = voaiv; - - - a,, of length at most 3|.A|> +|.A|, labelling
a path of length 2, (mod p) from g;ni: to s, in A. If k =0, we can simply set wh = w;.

Let k > 0, suppose the lemma holds for k—1. Let j = ((ny : u})>7). As ((ny : u})>n) <
(ob>7) < i, we have j < i. By definition, (n : u}) is not blocking for s;41, 211 ~ tj41, Yjt1-
As a consequence, there is a word v; labelling a path from s; to ¢; such that (z; : v;) has
(nq1 : u}) as a factor. We can remove cycles of length 0 (mod p) in that path, before and
after reading (z; : v;), so we can assume that |v;| < [u!| + 2p|A|. As s; and ¢; are in the
same SCC, we can extend v; into a word v} of length < |v;| + A < |ul| + (2p + 1)|A| that
labels a cycle from s; to itself.

’ Lo.gl L.l I dit2
Let 0/ = (ny :ug),...,(ng, :uy) and @ = sj41,Tj41 ~ tj4+1,Yj41 — - - Se, Tg ~ Lo, Yo

By definition, we have (¢/>>7') = (¢\>>7) < i. By induction hypothesis, there is a word w’
of length < (3|A|® + |A|k + N(2p? + p)(k — 1)|A| + pN Zf;ll |u;| such that |w'| = z; — x;
(mod p), there is a run reading w’ from s; to s; in A, and (z; : w) contains N times (n} : ub),
<.y N times (n} : u}) as disjoint factors, in that order.

We set w' = w;(v})PNw’. This word has length 2; (mod p), and at most |w;| + pN|vj| +
0] < AP + LA+ pN(u | + 20+ DIAD + '] < GLAP + A (k -+ 1) + N(202 + p)klA] +
pN Zi;l |ul|. Tt labels a path from sy to s;, and contains N times (n! : u}), ..., N times
(nk : u}) as disjoint factors, in that order. <

» Lemma 5.34. Let m = s, xg ~ to, Yo Ay sp T te, ye be an accepting SCC-path, and
leti€{0,...,¢}. Let 0" = (n] : u}),...,(n}, : u}) a sequence such that (T<o”) > i and
NeN.

Then there is a word w" of length at most (3|A]* + |A|)(k + 1) + N(2p? + p)k|A| +
pN Zi;l |ul| such that |lw"| = ye —y; (mod p), there is a run reading w” from t; to t; in A,

and (y; : w") contains N times (n} : u}), ..., N times (n}, : uj,) as disjoint factors, in that
order.
Proof. By a symmetric proof to the one of the previous lemma. <

Given a sequence o, define ||o|| as the sum of the lengths of the terms of o.
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» Lemma 5.35. If there exist s,z ~ t,y and o', 0" satisfying properties P1, P2 and P3
then L(A) is hard.

Proof. A direct consequence of properties P1 and P3 is that for all (n' : u'), ol(n : u')o" is
blocking for A if, and only if (n' : u’) is blocking for s,z ~ t,y.

The proof goes as follows: we show that we can turn an algorithm testing £(.A) with f ()
samples into an algorithm testing L(s,z ~ t,y) with f(e/X) samples with X a constant.
We then apply Theorem 4.18 to obtain the lower bound.

Consider an algorithm testing £(A) with f(e) samples for some function f. We describe
an algorithm for testing L(s,z ~ t,y). Say we are given a threshold £ and a word v of
length n. First of all we can apply Lemmas 5.33 and 5.34 to compute two words w' and
w” of length at most E + enF for some constants £ and F such that we can read w' from
Qinit to s and w” from ¢ to g and w; contains each element of ol at least en times and w,

1 6p°|A?
€

contains each element of o” at least en times. Let w = w'vw”. Suppose |v| > and

d(v, £(s, 2~ £,y)) < +o0.

If v € L(A) then clearly w € L(A).

If d(v, L(s,z ~ t,y)) > en then by Lemma 4.8 (in light of Remark 5.7), (x : v) contains at
least ﬁ blocking factors for s,z ~» t,y. Then we have that w contains at least ﬁ
disjoint blocking sequences for A. As a result, d(w, L(A)) > perare - We divide this by
the length of w, which is at most 2F + 2Fen +n. We obtain that d(w, L(A)) > |w| for
some constant X.

Let us now describe the algorithm for testing L(s,x ~ t,y).
If L(s,z ~ t,y) N X" = () then we reject.

If |v| < Sp* AP
If v € L(s,x ~ t,y) then we apply our algorithm for testing £(A) on w = w

/I &
parameter £’ = <.

then we read v entirely and check that it is in L(s,z ~ ¢, ).

Lyw™ with

The number of samples used on v is at most the number of samples needed on w, hence
f(e/X). We obtain a procedure to test L(s,z ~ t,y) using f(¢/X) samples.

By Theorem 4.18, f(¢/X) = Q(log(e~1)/e), hence f(g) = Q(log(e~1)/e). This concludes
our proof. |

» Proposition 5.36. If A has infinitely many minimal blocking sequences, then L(A) is hard.

Proof. We combine Lemmas 5.30 and 5.35. <

5.1 Trivial languages

We now characterise trivial languages, as defined in [5]. The definition given there is that
a language is trivial if for all threshold £ > 0, above a certain length N, every word is at
distance < e|w| or +o0o from the language. Hence, on words of length more than N, we do
not need to sample any letter: we just check if the language contains a word of length |w|. If
not, we answer no. If yes, then we know that w is e-close to the language and we can answer
yes.

We present here some other characterisations of this set of languages. They are exactly
the languages such that there is a bound B such that every word is at distance either < B
or +oo from the language.

They are also the languages that are either finite or described by an automaton with a
blocking sequence.
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» Example 5.37. A representative example of trivial language is L1 = a*ba*, the set of
words containing a b over {a,b}.

Given any word w, it is at distance at most 1 from L;: it suffices to make the first letter
a b to obtain a word of L.

In consequence, all words of length at least é are e-close to the language, which allows us
to simply answer yes without sampling anything. For words of length < %, we simply read
the word in full and check if it is in the language.

Now consider the language Ly = L1 N ({a,b}?)*. It is still trivial, but now we have to take
into account the parity of the length of the input word: If |w| is odd then d(w, Ly) = 400
and we can answer no. If |w| is even then d(w, Ly) < 1 and we can answer yes as soon as
w| > 2.

» Lemma 5.38. Let A a trim NFA. The following are equivalent:

1. There exists eg > 0, such that for infinitely many n there exist words in L(A) N X" and
there exists w € ™ such that d(w, L(A)) > gon

2. There exists a family of words (w;);en such that for all i, i < d(w;, L(A)) < +00

L(A) is infinite and A admits a blocking sequence.

4. L(A) is infinite and every portal appearing in an accepting SCC-path in A has a blocking
factor.

il

Proof. 1 = 2 is immediate.
2 = 3: For all 4, i < d(w;, L(A)) < oo implies that |w;| > ¢ and that there exists a
word u; € L(A) of length |w;]|.
It remains to prove that A has a blocking sequence. We use Lemma 5.21. Fix an arbitrary

g, for instance e = 1/2. Let i be such that 7 > max(%, (k+2)(B+p), M) and
P> 12C| Alp?

Then assi < d(w;, L(A)) < 400, we can apply Lemma 5.21 and obtain that w; contains
% > 1 blocking sequences for A. In particular, A has a blocking sequence.
3=1: Let 0 = (ny : uy),...,(ng : ux) be a blocking sequence for A. As A is infinite,
there exists an SCC-path 7 in A and w € L(r) with |w| > |A|. By Lemma 5.13, for all
¢ > p|A| + 3| AJ] such that £ = |w| (mod p) there exists w’ € L(7) with |w’| = £.

For all i € {1,...,k} we define v; as a word of length < w; + 2p such that (0 : v;) has
(n; : u;) as a factor. For all N € N, we can then define the word wy = v{¥ - - v al®! with
a an arbitrary letter. As it is of length |w| (mod p), there is a word of the same length
in £(A). On the other hand, it contains N disjoint occurrences of o, which is a blocking
sequence for A. Let g9 = \ul\+\uz\+~~-&|uk\+2k’p+|w|' We have gglwn| < N < d(wn, L(A)).
3 = 4: If A has a blocking sequence, then every portal in A appearing in an accepting
SCC-path has to have a blocking factor in that sequence.

4 = 3: If L(.A) is infinite and every portal appearing in an accepting SCC-path in A has
a blocking factor, then we can construct a blocking sequence for A as follows. Let P be
the number of those portals in A. Let o be a sequence containing a blocking factor for
each of those portals. The sequence ¥ is blocking for A.

<
This concludes the proof of Theorem 5.1.
6 Hardness of classifying

In the previous sections, we have shown that testing some regular languages (easy ones)
that requires fewer queries than testing others (hard ones). Therefore, given the task of
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testing a word for membership in £(A), it is natural to first try to determine if the language
of A is easy, and if this is the case, run the appropriate e-tester, that uses fewer queries.
In this section, we investigate the computational complexity of checking which class of the
trichotomy the language of a given automaton belongs to. We formalize this question as the
following decision problems:

We show that, unfortunately, our combinatorial characterization based on minimal
blocking sequences does not lead to efficient algorithms: both problems are PSPACE-complete.

» Theorem 6.1. The triviality and easiness problems are both PSPACE-complete, even for
strongly connected NFAs.

In the following section we show the PSPACE upper bounds on both problems (Proposi-
tions 6.8 and 6.9).

6.1 A PSPACE upper-bound on classifying automata

Let us first provide another characterisation of hard automata.

» Lemma 6.2. Let T = so, 20 ~ to, Yo — - - S¢, Tp ~> te,ye be an SCC-path, i an index,
IT a set of SCC-paths and (0 )ren a family of sequences of positional words such that
(op>>7) < i for all 7.

There exists a sequence of positional words o such that:

(o>m) <i

(op>>7") < (o>>7') for all 7 € T1.

Proof. We prove this by induction on the sum of the lengths of the elements of IT. If II is
empty then we can set ¢ as the empty sequence.

If not, let 7,4, be such that the first term of o, ,, has the least left effect on m. Let
O = (M1 2 U1), ..y (ng  ug) and Tmin = S0, 20 ~ 6, Yh ZT a8y, xy ~ ),y Let
J=((n1:u1)>mmin) and r = ((ny : u1)>n).

Let ' = sl 2l ~ 1,y L s al o th,yy. Define T =TT\ {7} U {7’} if
j<fand II' = II\ {mnin} otherwise. In the first case the sequence associated with 7’ is
Opr = (ng : ’U,Q)7 ey (nk : ’U,k)

> Claim 6.3.  For all 7 € II \ {mnin}, we have (o7>7m) = r + (67>5,41, Trp1 ~
ar
brgt, Yrg1 —> - Sk, Tk~ T,y Yk)

Proof. Since the first term of o, was the one with the least left effect on m, the first term of
every other sequence has a left effect at least r on it.

Let 7 € I\ {mmin}, let o = (M1 : W1),.-., (T : Um). Let z = ((1 : @y)>m). This
means (77 : Up) is not a blocking factor for s,11,Z.41 ~ €41, Yzt1-

We have (o7>m) = 2z 4+ (M2 : Ta),--, (Am © Tm)>8241,Taq1 ~ tzg1,Yzt1) and
Ar42°° — — — —
(072841, Tr1 ~ b1, Yt ——) = 2 =7+ (W2 W)y, (W W) 8541, a1~

tei1,Yzy1) = (07>m) — 7
<

As a consequence of this claim, we have that (o7>S,11,Zr41 ~ trg1, Yrt1 iz,
Sk T~ b, yk) < @ —r for all T € IT\ {7}

By induction hypothesis, we obtain a sequence ¢’ such that

(T 8141, Trg1 ~ b1y Yro1 — -+ S0, T ~ b, yp) < i —7

(op>>7’) < (6'>7') for all ' € IT'.
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The sequence (nq : u1), o’ satisfies both conditions of the lemma. |

» Lemma 6.4. An automaton A is hard if and only if there exists an accepting SCC-path ©
containing a portal s,x ~~ t,y such that:
s,x ~ t,y has infinitely many minimal blocking factors.
For all accepting SCC-path m' there exist sequences o',0" such that:
5,2~ t,y survives (o',0") in
All portals surviving (o', 0") in ' are ~ -equivalent to s,z ~ t,y

Proof. Let us start with the left-to-right direction. If A is hard then by Lemma 5.26 it
has infinitely many minimal blocking sequences. Then by Lemma 5.30 we have a portal
s,z ~» t,y and sequences o', 0" satisfying properties P1, P2 and P3.

By P1, olo” is not blocking for A, thus there exists an SCC-path m = sq, 2o ~~ to, Yo —
-8k, Tp ~ tr, yr and an index i such that (o©>>7) < i < (7<o™).

As a consequence, we have s;,x; ~ t;,y; >~ s, ~ t,y, by P3. We can assume without
loss of generality that s;,z; ~ t;,y; = s,x ~» t,y. As a result, for all accepting SCC-path
7/ we have that s,z ~ t,y survives (¢!, 0") in 7 and all portals surviving (o!,0") in 7’ are
~ -equivalent to s,z ~ ¢,y (we use the same pair (¢!, o") for all 7').

Let us now prove the other direction. Suppose we have 7 and s,z ~~ t,y satisfying the
conditions of the lemma. We only need to construct two sequences o'
P1 and P3 are satisfied. The result follows by Lemma 5.35.

let IT be the set of accepting SCC-paths in A. Consider families of sequences (%) en
and (o7,)en such that for all n” € II:

s,x ~ t,y survives (ol,,07,) in 7

All portals surviving (o

il

,o" such that properties

or,)in " are ~ -equivalent to s,z ~ ¢,y

Let 4 be the index of s, 2 ~» ¢,y in 7. By Lemma 6.2 we can build a sequence ¢! such that
(ob>m) <i
(o, >7") < (ob>n') for all o/ € 11

Using a symmetric argument, we build a sequence ¢” such that
i< (r<o”)
(r'<ol,) > (n'<o™) for all 7’ € 11

As a consequence, for all accepting SCC-path 7/ € I, all portals surviving (¢, 0") in 7/
are =~ -equivalent to s,z ~» t,y. Furthermore, s,z ~> t,y survives (Ul, o") in .

We have shown that s,z ~» ¢,y and (o', 07) satisfy properties P1 and P3. P2 is immediate
by assumption. We simply apply Lemma 5.35 to obtain the result. |

Next, we establish that the items listed in the previous lemma can all be checked in
polynomial space in |A|.

» Lemma 6.5. Given a portal s,x ~ t,y, we can check whether it has infinitely many
minimal blocking factors in polynomial space in |A|.

Proof. We start by defining a deterministic automaton 5 recognising the set of positional
words that are factors of PL(s,z ~ t,y).

For each ¢ € {0,...,p— 1} let @, be the set of states in the SCC of s that can be reached
in ¢ — x steps from s. It is easily computable using the partition of the states given by
Fact 3.3.

Let A; be A where the initial states are @Q; and every state in the SCC of s is final. It
recognises words that can be read from @; in A without leaving the SCC.
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Then, we define B; as the automaton obtained by determinising 4;. It has size at most
. From B; we easily obtain an automaton B} of size p|B;| recognising the set of positional
words {(i : w) | w € L(B;)}: we simply keep track in the states of the number of letters read,
plus 4, modulo p.

9lA]

Lastly, we define B as follows: We take all automata B; and merge their initial states into
one. Observe that B is deterministic as all B; are, and for all letter (j, a) there is at most one
transition from the initial state reading (j, a), which goes to a state of B;. This automaton
is of at most exponential size in |A|. It recognises the set of positional words that are factors
of PL(s,x ~ t,y).

We can complement it to obtain an automaton B recognising the complement language,
i.e., the set of positional words that are not factors of PL(s,x ~ t,y). We have |B| < |B| +1.

A positional word (n : w) is a minimal blocking factor of s,x ~ t,y if and only if it is
not a factor of PL(s,x ~ t,y) while removing its first or its last letter makes it a factor of
PL(S,x ~ t,y).

The set of blocking factors can thus be recognised by an automaton of size |B|?, which
runs B on the input word, while running 3 from the second to the last letter and from the
first to the second to last letter. The automaton accepts if all three runs are accepting. It is
of exponential size in |A|.

We simply need to check if this automaton has an infinite language, which is the case if and
only if it has a cycle reachable from the initial state and from which a final state is reachable.
This can be checked by exploring the state space of the automaton, in non-deterministic
polynomial space (in |A|), and applying Savitch’s theorem. <

» Lemma 6.6. Given two SCC-paths ™ and ', one can check in PSPACE whether there is a
sequence o that is blocking for m and not 7'.

Proof.

> Claim 6.7. There is a sequence o that is blocking for m = sg, 2o ~ to, Yo — - - - Sg, Tp ~=

a . . .
t, Y and not ' = s, 1 ~ 1, Yy — -+ 8}, ¥ ~ t), yy if and only if either:

there is a positional word (n : w) that is a blocking factor for sg,zg ~> to,y0 and
not s,z ~ th,yh and there is a sequence o’ that is blocking for sy, z1 ~ t1,y; —»
“+- 8k, T ~ Lk, yr and not ',

or there is a positional word (n : w) that is a blocking factor for sg, g ~ to, yo and sy, xf ~>
to, Yo and there is a sequence o’ that is blocking for s1,z1 ~ €1, y1 B Sk T~ s Yk

’

a
and not s, z} ~ th, Yyl = - s), )~ 1,y

Proof. The right-to-left direction is clear (just take o = (n: w), o’ in both cases).
For the left-to-right direction, consider a sequence o that is blocking for © and not «’, of
minimal length. Let oy and (n: w) be such that o = (n : w)oy.
If (n : w) is not blocking for sg,xo ~~ to,yo then o is blocking for m and not 7,
contradicting the minimality of o.
If (n : w) is blocking for sg, z¢ ~ to, yo and not sy, x(, ~ t, y, then we set o/ = o. We
know that o is not blocking for «’. On the other hand, as o is blocking for =, it is also
blocking for s1,z1 ~» t1, Y1 —= - - - Sk, T ~* th, Yk
If (n : w) is blocking for both sg,xo ~ to,yo and sp,xH ~ t(, Yo then we set o’/ = o.
As o is blocking for =, it is also blocking for si,z1 ~ t1,y1 — - - S, Tp ~ tg, Yp. On

the other hand, if o was blocking for s}, z] ~ ¢}, y] L2 sp, xhp ~> 1), Yy, then it would
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’
. . . . . e
also be blocking for 7/, a contradiction. Hence o is not blocking for s}, z} ~ t},y] —
! ! !/ /
T Sp Ty~ Yy
<

The claim above lets us define a recursive algorithm.

First check if there is a positional word (n : w) that is blocking for sg, zg ~ to,yo and
not sg, x ~ tg, yo. If it is the case, make a recursive call to check if there is a sequence
o’ that is blocking for s1, @1 ~ t1,y1 — - - - sk, Tk ~ L, yr and not «'. If it is the case,
answer yes.

Then check if there is a positional word (n : w) that is a blocking factor for sg, xo ~ o, Yo
and s, x(, ~ t(, y4- If so, make a recursive call to check if there is a sequence o’ that is

/

. a a
blocking for s1,x1 ~ t1,y1 — - Sk, Tk, ~ L, yr and not sp, ) ~ th,y) - - s), x) ~
ty,yp. If it is the case, answer yes.

If both items fail, answer no.

The existence of those positional words can be checked in polynomial space using the
automaton B constructed in the proof of Lemma 6.5. The depth of the recursive calls is at
most the sum of the lengths of 7 and 7/, which is bounded by 2|.A|. In consequence, this
algorithm runs in polynomial space.

<

» Proposition 6.8. The following problem is in PSPACE: Given an automaton A, is it hard?

Proof. We use Lemma 6.4. We guess an SCC-path 7w = sg, xg ~ g, Yo A S T tk, Yk
and an index i.

We check that s;, z; ~» t;, y; has infinitely many minimal blocking factors, using Lemma 6.5.

We then enumerate all SCC-paths in A. For each one 7’ = s, z(, ~ t{, Y}, E NN Sp, Ty~
1y, we guess indices j' and ;7. We check that every portal 8,y ~ 1), y; with gl<j<jm
is ~ -equivalent to s,z ~ t,y.

Then, we use Lemma 6.6 to check that there is a sequence ¢! that is blocking for
ooy = th vy S s

Symmetrically, we check that there is a sequence ¢” that is blocking for sgr,x

’

/ / a1
1@~ s Y and Mot so, Lo~ to, Yo = - Sis Ty~ Li, Yie

L~
J
oo B gl s 4 and not 8. o ~s £ L L s
grs Yjr Spy Ly ¢ Yp and not S;, Ty ir»Yi Sk, Tk kyYk-
If all those tests succeed, we answer yes, otherwise we answer no. This algorithm is

correct and complete by Lemma 6.4. |

Our last result is the PSPACE upper bound on the complexity of checking if a language
is trivial. It is based on the characterisation of trivial languages given by Lemma 5.38.

» Proposition 6.9. One can check if an automaton has a trivial language in PSPACE.
Proof. By Lemma 5.38, it suffices to enumerate all accepting SCC-paths in the automaton,

and then check that all portals appearing in them have a blocking factor. This is feasible in
PSPACE, using the automaton B from the proof of Lemma 6.5. <
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6.2 Hardness of classifying automata

We prove hardness of the triviality problem and easiness problems, concluding on their
PSPACE-completeness. We reduce from the universality problem for NFAs, which is well-
known to be PSPACE-complete (see e.g. [1, Theorem 10.14]).

» Lemma 6.10. The triviality problem is PSPACE-hard.

Proof. Consider an NFA A = (Q, X, 4, go, F') on an alphabet ¥.. Without loss of generality,
we assume that A is trim (up to removing unreachable or non-co-reachable states) and that
it accepts all words of length less than 2: this can be checked in polynomial time. Let # and
! be two letters that are not in 3. We apply the following transformations to A:

add a transition labeled by ! from every final state to the initial state qq

add a self-loop labeled by # to each state.

We call the resulting automaton B = (Q, X U {!,#},d’,qo, F). Note that B is strongly
connected: consider any two states ¢,¢’ € @Q, we show that ¢’ is reachable from ¢. As A is
trim, there exists g5 € F' that is reachable from ¢, and ¢’ is reachable from the initial state
¢o. Furthermore, we have put a ! transition from ¢ to go, hence ¢’ is reachable from g.

Recall that the language of a strongly connected automaton is trivial if and only if it
has no minimal blocking factor. Hence, to complete this reduction, we need to show that
MBF(B) is empty if and only if A is universal.

First, let us describe the language recognized by B. It is given by

L(B) = {urlug! - luy | Vi,u; € (SU{#D* A ms(w;) € LIA)},
where s (u) is the word in ¥* obtained by removing all letters not in ¥ from w.
> Claim 6.11. If A is universal, then B is also universal.

Proof. Indeed, any word in v in can be uniquely decomposed into u = uq'us! - - -lu,, where
“I”. As # is idempotent on B, §'(qo,u;) is equal to
8(qo, ms;(u;)) for every i. Since A is universal, each of the & (go,u;) contains a final state,
hence ¢'(qo, w;!) = {qo}. Therefore, the set ¢'(go, ) is equal to §'(qo, uy,), which contains a
final state, and w is in £(B), which shows that B is universal. <

each u; does not contain the letter

This shows that if A is universal, then MBF(B) is empty.

For the converse, we show that a word w € ¥* not in £(.A) induces minimum blocking
factors for B. Consider such a w of minimal size. As we assumed that A accepts all words of
size less than 2, |w| > 2. Let u,v be words of length at least 1 such that w = uwv. For all
n € N, at least one of u#"v, lu#"v, u#"v!, lu#"v! is a minimal blocking factor (depending
respectivelyon whether w is not a factor of any word of L(A) or is a prefix/suffix of a word
of L(A) or not). As a consequence, B has infinitely many blocking factors, and is thus hard
to test by Theorem 4.2.

In summary, A is universal if and only if B is trivial to test. This shows the PSPACE-
hardness of the triviality problem. |

The above proof can be extended to show the PSPACE-hardness of the easiness problem.

» Corollary 6.12. The easiness problem is PSPACE-hard.
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Proof. We proceed as in the proof of Lemma 6.10: given an automaton A over an alphabet
¥, we build an automaton B over the alphabet X U {!, #} such that if A is universal, MBF(B)
is empty, and if A is not universal, then MBF(B) is infinite.

To show the hardness of the easiness problem, let b denote a new letter not in ¥ U {#, !}
and consider the automaton B’ equal to B but taken over the alphabet ¥ U {#,!,b}. As
there are no transitions labeled by b in B’; the word b is always a minimum blocking factor
of B'. As a result, we have MBF(B’) = MBF(B) U {b}, hence A is universal if and only if
MBF(B’) is finite but non-empty: by Theorem 4.2, this is equivalent to £(B’) is easy to test.
Therefore, the easiness problem is also PSPACE-hard. <

This concludes the proof of Theorem 6.1
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A Properties of minimal blocking factors

In this section, we discuss properties of the set of minimal blocking factors of an NFA. First,
we show the set of minimal blocking factors of an automaton is a regular language.

» Lemma A.l. Let A= (Q,%,0,I,F) be a strongly connected NFA with m states and let
A= MA). For every i € Z/\Z, the set of minimal blocking factors of A of the form (i : u) is
a reqular language recognized by a NFA of size 200™)

Proof. We call blocking factors of A of the form (i : u) its i-blocking factors.

We first show that the set of i-blocking factors of A, but not necessarily minimal ones, is
a regular language recognized by an NFA A; with m + 1 states. The result follows by using
a standard construction for the automaton recognizing words in a regular language L that
have no proper factor in a regular language L', which gives an automaton of size 2007,

Consider the NFA A; obtained by adding a new sink state | to .4, making it the only
accepting state, with initial states Q;. Formally, A; is defined as A; = (QU{L}, X, ¢, Q;, {L}),
where ¢’ is defined as follows:

{1y ifé(p.a) =0,

Vp € Q,VaeX:§(pa)=
pe@ (p,) {5(p7a) otherwise.

This automaton® recognizes the set of i-blocking factors of A and has size O(m). Applying

the aforementioned construction to L = L’ = L(A;) yields the desired automaton, of size
20(m), <

It follows that the set of minimal blocking factors of A is also a regular language.

» Corollary A.2. Let A be an NFA with m states. The set of minimal blocking factors of A
is a reqular language recognized by an NFA of size 200

Therefore, if MBF(.A) is infinite, we can use Kleene’s lemma to find an infinite family of
minimal blocking factors with a shared structure {¢v"x,r € N}.

» Lemma 4.20. If MBF(A) is infinite, then there exist positional words ¢,vi,v_,x such

that:

1. the words vy and v_ have the same length,

2. there exists a constant S = 20U such that |p|, vy |, |v_|,|x] < S,

3. there exists an index i, € Z/NZ and a state q. € Q;, such that for every integer r > 1,
T_r = ¢(v_)"z is blocking for A, and for every s < r, we have

G =% g, where T4 g = G- )Yy (V)T 0y

In particular, T » s is not blocking for A.
Note that here, the state g, is the same for every integers r, s.

Proof. As MBF(A) is infinite, there must exist an 4, such that A has infinitely many minimal
i.-blocking factors; we fix such an i, in what follows.

As the set of minimal i.-blocking factors is an infinite regular language recognized by
an NFA of size S = 290" by Kleene’s Lemma, there exist positional words 7, , 1, each of

3 QOur definition of NFAs does not allow for multiple initial states. As there is no constraint of strong
connectivity for A;, this can be solved using a simple construction that adds a new initial state.
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length at most S with |u| > 1, such that for any non-negative integer k,7u*n is a minimal
ix-blocking factor. We can assume w.l.o.g. that neither 7 nor n is empty, otherwise we set
their value to u: after this modification, 7/*7 is still a minimal i,-blocking factor for every
k>0.

Notice that the word 7u™ is not a blocking factor, as a proper factor of the minimal
blocking factor 7u™n. Therefore, by the pigeonhole principle, there exist integers kg, k1 > 1
with kg + k1 = m and states p, p; such that we have

ko 1
p——p1 — P

Note that, by Fact 3.3, py & p1 implies that k1 - || =0 (mod N).

Similarly, the word p™n is not a blocking factor, since it is a proper factor of the minimal
ix-blocking factor T7u™n. Again, there exist integers ko > 1, k3 summing to m and states ps
and ¢ such that

ko k3
B Kw3n
p2 —p2 —4g.

Now, define ¢ = 7o,y = p*sn and v_ = p, where K = p- ki - ky. As there are
transitions starting from p; and py labeled by pu, p1 and ps belong to the same periodicity
class. Therefore, by Fact 3.3, as K > p and K - |u| =0 (mod X), there exists a word v of
length K - |u| such that py LA p2. This choice of ¢, v;,v_ and x satisfies all the conditions
of the lemma. |

B Hoeffding's inequality
» Lemma B.1 ([15, Theorem 2]). Let X1,..., Xy be independent random variables such that
for everyt =1,... k, we have a; < X; < b;, and let S = Zle. Then, for any t > 0, we
have

2t2
P(E[S]—S >t) <exp (—W> )
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