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Downward-closures

u is a subword of v (u < v) if we can remove letters of u to get v.

Ex: bab < abbaba.
The downward-closure of a language L is the set of all subwords of words in

Theorem (Corollary of [Higman '52])

e
The downward-closure of a language L C X* is always regular, "5‘

» Verification of distributed systems with

N hread pool
writes reads thread pools
||

> Separation by piecewise-testable languages
» Lossy FIFO machines

Given a class of languages C, is the downward-closure computable for these languages? How
large is the resulting automaton? J
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Computing downward closures

Downward-closures are computable for:
> Context-free languages [van Leeuwen '78]

> Petri net languages [Habermehl, Meyer, Wimmel '10]

New method to compute downward closures. I

» Indexed languages [Zetzsche '15]

» Higher-order pushdown automata [Hague, Kochems, Ong '16]

» Higher-order recursion schemes [Clemente, Parys, Salvati,
Walukiewicz '16]

Problem

Given a system S of size k in class C, how large can an automaton recognising L(S) | be?
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Indexed grammars [Aho '68]

Indexed grammar= Context-free grammar where each non-terminal carries a stack.
N set of non-terminals, T set of terminals, I set of stack symbols.
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A—-weT" terminal
A— BC copy
A — By push
Ay — B pop
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Indexed grammars : Example
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Indexed grammars : Example

7
S Sy, 5["”]
S = Sy, S[vavi]
S = S !
S ww /5 ['man]\
We, — Wa W ypyavyL] Wlvpyayi]
Wb — Wh <N -0
Wry, — e ZV[%Vi] b ‘LV[%%] ’
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Indexed grammars : Example

S
|
S-Sy, S[YL]
S = Sy !
S W /5 ['man]\
W, — Wa W vpya7v.] WvpvayLl
W — Wh <N\ (O
Wo, e Wvav.] b Wlvav1]
/ AN / AN
a a
{ww | w € {a, b}*} Wil Wiv.]
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Higher-order pushdown automata

Word automata Tree automata
) branch ( A
NFA > Tree automata
/ yield > /
branch ( )
[Pushdown automata (PDA) > Pushdown tree automata
7 yield > o
b h ( )
[2-PDA — Indexed grammars LN Tree 2-PDA

branch
[ n-PDA ]—>[ Tree n-PDA
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Our goal

Give tight bounds on the computation of downward-closures of indexed languages.
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Examples

({a"b7c" | n e N})
S

| push(~)*
S
A — B ™~ c

pop(v) |\ por(v) |\ por(v) | \
A a B b C ¢

[{uuR |ue Dyck,,}]

/\
/\

run PDA for Dyck

{2

pop(y) 1

Al

}
S
| push(~)
S
\ A
pop(7) 1
A/
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Examples

({a"b7c" | n e N})
S

| push(~)*
1
B C
pop(y I\ pop(v) |\ pop(v) | \
A a B b C ¢

[{uuR |ue Dyck,,}] {a? }
)
/ \ ;push(w)*
/ \ A PN A
pop() 1 pop(7) 1
/A \ /A \

A A A A
run PDA for Dyck : : : :

(L C {a,A,V,—,(,)}* set of satisfiable SAT formulas, with variable x, encoded as ak)

7/18



Indexed grammars : Counting

[Aho '68]

If G accepts a word then it accepts a
word of at most 3-exponential size.
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Indexed grammars : Counting

[Aho '68]
If G accepts a word then it accepts a If G accepts a word of more than 3-exponential
word of at most 3-exponential size. size then its language is infinite.

k

2
There is Gy of size O(k) accepting the language {a®* }.

There is an indexed grammar whose downward closure requires a 3-exponential NFA. I
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3-exponential construction

Check stack height

A
4 S
B A A A

| pop | pop | pop
Ad A3 A2
| pop | pop | pop

A A A

0 0 0
Az Az Asg
pop

9 9 9

pop pop
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3-exponential construction

Check stack height
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1
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A A A
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Binary counter
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| check stack height 2"
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3-exponential construction

Check stack height

A
/IR
B A A A

| pop | pop | pop
Ad A3 A2

| pop | pop | pop

Binary counter

| check stack height 2"

Branching

22"
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Upper bounds

Theorem [van Leeuwen '78, Courcelle '91]
The downward-closure of the language of a CFG is recognised by an NFA of exponential size.
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A construction for context-free grammars

Step 1: Add new rules

A

b v A

[1/(A) = {b| A derives w € Z*bY*AYL*}.
[(A) = {b| A derives w € T*AT*bT*}.

New rule: A — xAy for all x € T)(A)*,y € T, (A)*
Preserves the downward-closure.

Step 2: Simulation with an NFA
A

A

= A

UuAv

u A v

We can restrict our attention to
derivations of bounded height.

Those can be simulated by a
finite-state automaton.
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Theorem [van Leeuwen '78, Courcelle '91]

The downward-closure of the language of a CFG is recognised by an NFA of exponential size.

12/18



Upper bounds
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Step 1: New rules for indexed grammars

A A

If A can produce uB|z]v then A — BJz] is a sound rule. - l
u B[z] v B|z]
Alz] Alz]

If A[z] can produce uBv then A[z] — B is a sound rule. A\ N l
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Step 1: New rules for indexed grammars

A stack content z € I* is mapped to Boolean matrices Mpysh(2), Mpop(z) € {T, L}N*N.

Mpush(2)(A, B) = T if and only if A derives uB[z]v for some u, v.
Mpop(2)(A, B) = T if and only if A[z] derives uBv for some u, v.

Mpush and Mpop are morphisms: Mpop(21)Mpop(22) = Mpop(z122).

Alz122]

A o A
A = B[]

5 ¢ A

C
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Step 2: Simulation by a context-free grammar

Imagine we have z so that for all B,
Mpush(B; B) =T and Mpop(B; B) = T. A[Z]
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Then we can fold z: A[z] — Alu].

We can also unfold ju: B[u] — B[Z'] whenever

(Mpush(2); Mpop(2')) = 11

Alz]
Alul Alz]
/ N\
Blul  Clu] Alz1222]
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Step 2: Simulation by a context-free grammar

Imagine we have z so that for all B,

Mpush(B, B) = T and Mpop(B, B) = T. Alz]
Every non-terminal can push and pop z for free. Al Alz]
Let u = (Mpusn(2), Mpop(z / \ ‘

1% ( p sh( ) POP( )) B[M] C[,u] A[le2z]

Then we can fold z: A[z] — Alu].

| / N\

We can also unfold ju: B[u] — B[Z'] whenever Blzi] Clz] Blzi7]Cl7127]
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Step 2: Simulation by a context-free grammar

Adapted from [Gimbert, M., Totzke '26]

We can define summaries representing “folded” words so that:
» Summaries have at most exponential size

» Push and pop can be implemented on summaries
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Adapted from [Gimbert, M., Totzke '26]

We can define summaries representing “folded” words so that:

» Summaries have at most exponential size

» Push and pop can be implemented on summaries

Awe T Aol we T

A — BC = Alo] — Blo]Clo]

A — By Alo] — Blpush,(o)]
Ay — B Alo] — Blpop,, (o))

This CFG has the same downward closure as the indexed grammar. I

16/18




Given an indexed grammar G, we can compute a context-free grammar of 2-exponential size
with the same downward closure.
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Given an indexed grammar G, we can compute a context-free grammar of 2-exponential size
with the same downward closure.

Composed with the construction for context-free grammars:

Given an indexed grammar G, we can compute an NFA of 3-exponential size with the same
downward closure.
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