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Malfunctioning keyboard

We try to write the word bip.

1. We press the b key: it writes “bis”.

2. We press the 1 key: it erases two letters, writes “lo” and
moves the cursor to the left.

3. We press the p key: it moves the cursor to the right and
writes “op”.

l/bloop | 4

Instead of “bip”, the keyboard wrote “bloop”!
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What do we do?

We could try to fix the keyboard...

...or we could try to see what we can do with it! Can we write
any word? If not, which words can we write?
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Modelling

Atomic operations
e afora2 : writes“a” to the left of the cursor.
e : erases the letter to the left of the cursor.

= Jand I: moves the cursor to the left and to the right
respectively.

Keyboard
= A key is a sequence of atomic operations.

= A keyboard is a finite set of keys.

Our broken keyboard
We wrote “bloop” by pressing three keys:

fbis; 1oJ; 1opg:
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Modelling

e [f the current word is uv with the cursor between u and v,
the configuration is denoted hujvi.

» Keys induce actions on the configurations.

hujvi a = huajvi if a is a letter:
h"ivi  =h"jvi and Ulav = uv
h'jvi I=h"jvi and uWav JI= dav

huj'i 1 =huj"i and ua' 1= uaV
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Modelling

Applying a key to a configuration
Weapply t= al to hcjdi.
hcjdi ¥ h"jdi
¥ najdi
¥ hadji:

Hence hcjdi ¥ hadj"i.
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The language of a keyboard K is the set of words we can obtain
from con guration H'j"i by applying a sequence of keys from K,

n 0
L(K)= uv 9ty;::zity 2 Ko H"i B ujvi

Lett; = bis ;ty = loJ;t3=1 opandK :ftl;tz;tgg.
Hj"itH  bisj"i
% bloi
'R Dbloog"i

The word bloop is in the language of K.
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Some examples

" The language of K = fab;ag?

(ab+ a)*:

~

The language of K = fa;bJ ;"g?

ab:

" Thelanguage of K = f();J ;I g?

The Dyck language (correctly nested sequences of brackets)!
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Some examples

" Akeyboard for fw2fa;bg jjwj, O[3lg?

K = faaa;J ; bg:

A keyboard for fw2fa;by jjwj, = jwj,0?

K = fab;baJg:

“ Akeyboard for ab"?

K=f ablg
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Keyboards expressivity

Keyboard languages are recursive, but which languages can
keyboards represent?

Finite languages?

a1l p2N ?

Add an Entry !
An Entry symbol which validates the word!
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Final keys

" Some keys, called nal keys, validate the current word.
They end with an Entry

" The current word is accepted when the entry is applied.

L(K)= uv Oty;::::tyandt; nalsuchthat Hj"ith™"  ujvi

is useful!

The language a®"*'! n2 N isrecognized by faa;a g.
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Two types of keyboards

" Keyboards with entry are called manual .
" Keyboards without entry are called automatic.
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Two types of keyboards

" Keyboards with entry are called manual.

" Keyboards without entry are called automatic.

Theorem (Simulation)
The language of an automatic keybolrg is also recognized by the
(manual) keyboard

Km = ftjt2Kag[ft jt2Kag:
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Edge e ects

The action of a key may di er when the cursor is close to an end
of the word!

An automatic keyboard for a®"*! n2 N

This language is recognized by the keyboard
fti= ajtp,= aaag.

Hljui | H aj"i a2n+1 " |t1 a2n+1 n

2n+1l |t2 2n+3 u

Hj"i'%  aag"i a a
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The language a"bc

L = a"bc isrecognizedby K = fbld ;I abclJ g.

R'j"i

\
D)
renjbci

©

Starting from H'j"i, blJ writes a b, and from ha"jbci it
doesn't do anything.

Invariant: we are always in a con guration of the form  ha"jbc"i.
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The language a"bc

L = a"bc isrecognizedby K = fbld ;I abclJ g.
H'j"i
Hj"i'R  ajbd
i ) 'K aajbcd
ha"jbd'i ' aajbed
@ 'K aaajbccd

Starting from H'j"i, blJ writes a b, and from ha"jbci it
doesn't do anything.

Invariant: we are always in a con guration of the form  ha"jbc"i.
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The language a + b

L = a + bisrecognizedby K =fblJ ;ald ;I aalg.

\t‘j'jai :_)

7
.

o H‘

G H'jt;

*hatjai ¢

“hoooooo o

From a con guration of the form ha"jai, blJ and alJ
have noeect,but | aal addsanaandleadsto a"*! a .
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Classes of languages

~ B: with ~ L with J

~ E: with A with | and J

MK : fg LK:fJg AK:fJ:;l g
EK:f ¢ LEK:fJ; ¢ AEK:fJ;l; g
BK:fg BLK:fJ; g BAK :fJ;l ; g
BEK:f ; g BLEK:fJ; ; g BAEK:fJ;l; ; g
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Visiting the zoo




BEKf ; g: Agentle animal

Lemma
Forallc2 A,c isequivalenttd'.
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BEKf ; g: Agentle animal

Lemma
Forallc2 A,c isequivalenttd'.

Simpli cation

abb ba 3
abba 2

abb ba 2
0
0 abb
0
0

ab
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BEKf ; g: Agentle animal

Lemma (BEK normal form)
Every key oBEK is equivalent to a key of the form A .

Further, as we start on the empty con guration and never apply
any J, the cursor is always on the right end of the word.

Lemma

Applying a sequence of keysBEK from a con gurationhwj"i
yields a con guration of the formwYy"i.
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BEKf ; g: Agentle animal

Applying a key of BEK comes down to erasing a few letters at
the end of the word, then writing a few others.
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Applying a key of BEK comes down to erasing a few letters at
the end of the word, then writing a few others.
Theorem
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Theorem
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BEKf ; g: Proof of rationality

Theorem
For all keyboard of BEK there exists an NFA of polynomial size

recognising_ (K).
We can see a run of aBEK keyboard like this:

Each key erases some letterswrites some letters that will never
be erased,then some letters that will eventually be erased .

May  anby by

21



BEKf ; g: Proof of rationality

Say we want to write abcwith the keyboard
K = 2aba; “bc:
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BEKf ; g: Proof of rationality

Say we want to write abcwith the keyboard

K = 2aba; “bc :
2aba 2aba 2aba ‘e
! a aab aaa a
Lz 2% %z DA {22
writing adjusting extra letters writing

I We only care about the number of letters that will be
erased, not about the word they form!

22



BEKf ; g: Proof of rationality

To each key we can associate its numericaltrace which is the
number of letters it writes minus its number of

2aba7! +1
e 7! 2
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BEKf ; g: Proof of rationality

To each key we can associate its numericaltrace which is the
number of letters it writes minus its number of

2aba7! +1
pc 7V 2
Let p be the gcd of all the traces of keys of K .

Proposition
We can turni extra letters intg extra letters if and only ip divides
jijj (up to some minor conditions).
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BEKf ; g: Proof of rationality

maximal length of a key of K.
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BEKf ; g: Proof of rationality

maximal length of a key of K.
States count the number of extra letters.

It has two types of transitions:
Lo j simulates the application of a key of the form  'uv
with jvj = j.
Lo j simulates the application of a series of keys not

a ecting the permanent letters but switching the number
of extra letters from i toj .
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BEKf ; g: Proof of rationality

Theorem

For all keyboardk of BEK there exists an NFA of polynomial size
recognising- (K).

For the keyboard K = 2aba; “bc , we get:
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BEKf ; g: Proof of rationality

Theorem

For all keyboardk of BEK there exists an NFA of polynomial size
recognising- (K).

For the keyboard K = 2aba; “bc , we get:

L(K) = a (aba+ bg

25



BLEKfJ; ; g: Aferocious creature?

The left arrow allows for modi cations anywhere in the word!

For instance,J 2 allows one to erase letters inside the word.
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BLEKfJ; ; 0. Atamed creature

The left arrow allows for modi cations anywhere in the word!
For instance,J 2 allows one to erase letters inside the word.

Not so fast!
The letters to the right of the word are xed .

hujvit B uajvi
huajvi! A ujavi
huajvi ' h  ujvi
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BLEKfJ; ; g0 Atamed creature

Lemma (A property of BLEK)
Any sequence of keysBIEEK applied from a con guratiofujvi
leads to a con guration of the following forrmuYwvi .

The left arrow can be interpreted as a way to record the letter to
the left of the cursor.
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